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Abstract— This paper deals with the problem of multiple
robots working together to explore and gather at the global
maximum of the unknown field. Given noisy sensor measure-
ments obtained at the location of robots with no prior knowl-
edge about the environmental map, Gaussian process regression
can be an efficient solution to construct a map that represents
spatial information with confidence intervals. However, because
the conventional Gaussian process algorithm operates in a
centralized manner, it is difficult to process information coming
from multiple distributed sensors in real-time. In this work, we
propose a multi-robot exploration algorithm that deals with
the following challenges: i) distributed environmental map con-
struction using networked sensing platforms; ii) online learning
using successive measurements suitable for a multi-robot team;
iii) multi-agent coordination to discover the highest peak of
an unknown environmental field with collision avoidance. We
demonstrate the effectiveness of our algorithm via simulation
and a topographic survey experiment with multiple UAVs.

I. INTRODUCTION

Multi-robot systems can be better specialized than a single
robot for missions in large areas such as crop monitoring,
observing climate changes, and terrain surveying [1]. These
missions can be viewed as environmental process estimation
problems in which each robot measures spatio-temporal data
on its own. As such, techniques for multiple robots to move
around and acquire local information for constructing a
global environmental map are referred to as robotic sensor
networks [2].

In robotic sensor networks, robots move to optimal loca-
tions where most valuable data can be obtained, and these
data are used to generate an environmental map. We need
to learn an environmental model from the collected data and
estimate the information gain to decide which location to
investigate further.

Another challenge in multi-robot systems is the limita-
tion of network resources such as communication distance,
transmission throughput, and channel bandwidth [3], [4].
Given these issues, network control systems (NCS) have
been developed to facilitate the cooperative work by using
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Fig. 1: Topographic survey experiments with multiple UAVs

mutually agreed protocols for data communication of a large
number of robots [5], [6].

In this paper, we present a distributed multi-robot ex-
ploration method for joint sensing and learning of an un-
known environmental process with the following challenges:
i) distributed learning for an environmental process and
communication protocol in networked control systems, ii)
online update of an environmental process model with newly
acquired sensory data for multi-robot systems, and iii) multi-
robot coordination for improving the process estimation
performance.

A. Related work

Gaussian process (GP) regression [7] can be used to con-
struct an environmental process from data [8], [9]. It derives
a spatial relationship between sampled data by using a kernel
function and performs Bayesian inference for prediction at
an unknown location. An online version of GP [10], which is
extended from typical batch learning, would be more suitable
for real-time robot learning scenarios [11].

However, most online GP approaches have been designed
for centralized systems, making it difficult to apply them
for a multi-robot NCS subject to the limitation of network
resources (e.g., transmission power, throughput, or channel
bandwidth). Even though relay communication might be a
solution for large-scale data transition [12], [13], it takes
too much time and bandwidth to adapt rapidly changing
environment in multi-robot NCS.

In [14], distributed GP regression is introduced for multi-
agent systems, in which a finite-dimensional GP estimator is
designed by using Karhunen–Loève (KL) kernel expansion.
It is more flexible on a network scale because only a
connected graph is needed where each node is connected to
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the other nodes through a sequence of edges (i.e. path), not a
centralized network where all agents are directly connected
to a central server. In contrast to the decentralized GP’s local
estimate, the distributed GP yields a global estimate as if
using the sensory data of all agents by exchanging estimator
information with neighbors. However, this study considers
sensor networks only, not moving robot platforms. Thus, the
sensor position is fixed, and data cannot be obtained where
the sensor is not installed. The main difference with our work
lies in the fact that we can update the GP estimate using
newly measured sensory data from a multi-robot team.

We are interested in robotic sensor networks that could
enable active sensing and constructing the environmental
model using mobile robots. [15] represents informative plan-
ning for autonomous robot with online sparse GP, which
takes advantage of a subset of data. In contrast to our
work, it considered only single-agent exploration. In [16],
a multi-robot sensor coverage problem is addressed with
a mixture of the Gaussian process. These papers employ
multi-robot systems and GP but concentrate only on the
optimal sensor placement objectives without consideration
of collision avoidance.

The idea of combining GP and multi-robot systems has
already been explored in several works. [17] presents a de-
centralized multi-agent exploration with online GP, focusing
on multi-agent coordination and physical process construc-
tion. In [18], Gaussian radial basis functions and multi-
agent systems are utilized to discover peak, considering the
communication distance. In contrast to our study, both [17]
and [18] only address the local-estimate-based exploration,
not the global-estimate-based. With local estimates for multi-
robot control, each agent would follow an inefficient path
or converge to the local peaks. [20] developed multi-UAS
planning with a decentralized GP fusion algorithm, which
takes a different approach from our works in implementing
a distributed GP. It has an advantage of communication
efficiency; however, this technique does not guarantee the
global estimate’s performance.

B. Our Contribution

This paper focuses on three main contributions to multi-
robot exploration in the networked control system.
• We present a distributed GP algorithm with global mean

and variance estimation through Karhunen–Loève expansion
and an average consensus protocol [14].
• We expand the distributed GP algorithm to be suitable

for continuous data collection to enable online GP learning
for mobile robots.
• To find the location of the peak value of a scalar function,

which has been considered in [18], [23], we propose the max-
imum variance exploration and maximum mean exploitation
for individual agents. For safe and efficient exploration, we
apply a collision avoidance and coordination algorithm.

We perform a multi-robot exploration simulation in a
virtual environment and conduct a topographic survey ex-
periment using multiple unmanned aerial vehicles (UAVs)
with a laser rangefinder. The outline of this paper is as

follows. Section II formally states distributed multi-robot
systems and briefly introduces a background. Section III
summarizes distributed GP. Section IV combines distributed
GP and multi-robot coordination. Simulation and real-time
experiments are presented in Section V. Section VI concludes
the paper.

II. PRELIMINARY AND SYSTEM MODELING

A. Problem Statement

Multiple robots (e.g., ground vehicles or UAVs) explore an
unknown environmental process in 3-D space with onboard
sensors. Each agent estimates environmental information
across an unknown area that has not yet been explored by
using both own measurements and shared data received from
neighbors. The robot determines its next location to move
based on the prediction by the distributed GP, where a search
for a place of high uncertainty is prioritized. We consider the
following setting:
• The exploration area is finite, and all agents know the

boundary of the exploration area. The environmental process
is time-invariant.
• Each agent has its localization and navigation capabili-

ties in the global coordinate system.
• Each agent can only communicate directly with agents

within the communication range. Communication between
the two agents is bidirectional.

B. Multi-Robot System

We consider N agents to explore the environment. All
agents have the same dynamics model. Each robot has the
3-D position state xi ∈ R3 for i = 1, · · · , N and takes
the measurement of environmental process yi ∈ R, which
is corrupted by the white Gaussian noise νi ∼ N (0, σ2

ν),
having the following relationship:

yi = f(xi) + νi, (1)

where the measurement model f(·) will be estimated by
distributed GP regression algorithm.

During exploration, robots estimate environmental model
by using both measured and shared data obtained from
neighbors. Each robot can only communicate with adjacent
robots directly within a certain distance. The communication
network of N robots is defined based on graph theory. Let
G(k) = {V, E(k)} be an undirected graph of order N with
the non-empty set of nodes V = {vi| i ∈ N} and the set
of edges E(k) = {(vi, vj)| i, j ∈ N , ||xi − xj || < lcomm}
at k, where N = {1, 2, · · · , N} is the index set of nodes.
(vi, vj) is the communication channel from the robot i to
j, and lcomm is the communication range of the robot.
Ni(k) = {j| (vj , vi) ∈ E(k), j ∈ N} is the set of neighbors
of the robot i.

C. Average Consensus Algorithm

Each agent can receive data only from neighbor agents due
to the limitations of the communication network. Against the
communication constraint, the consensus algorithm enables
multiple agents to operate on the same protocol so that each



local estimate converges to the global estimate. More details
for obtaining a global estimate are addressed in Section III.

We define the following dynamics with the state matrix
{Xi}Ni=1 and the consensus protocol {Ui}Ni=1:

Xi((k + 1)T ) = Xi(kT ) + Ui(kT ). (2)

where k ∈ Z≥0, and T is the sampling time. We replace
all "(kT )" by "(k)" for brevity. The average consensus for
these N state matrices is satisfied when the following two
conditions are met [6]:

lim
k→∞

||Xi(k)−Xj(k)|| = 0, ∀i, j ∈ N (3)

and ∑
i∈N

Xi(k) = X̄(k0), ∀k ∈ (k0,∞). (4)

The variable X̄(k) is the average matrix of all state matrices
Xi at k. If only (3) is satisfied, consensus is achieved.

When the graph G(k) is connected, the protocol for the
system (2) to achieve the average consensus is as follows
[5]:

Ui(k) = − 1

|Ni(k)|
∑

j∈Ni(k)

γ(Xi(k)−Xj(k)) (5)

for agent i ∈ N . |Ni(k)| is the cardinality of Ni(k) and
γ ∈ R is the parameter for convergence rate. We will show
how the multi-agent team performs distributed Gaussian
process regression in the networked control systems using
this average consensus protocol.

III. DISTRIBUTED GAUSSIAN PROCESS

A. Gaussian Process Regression

GP regression is popular in modeling spatial phenomena.
This data-driven non-parametric learning can provide proba-
bilistic inferences over the entire space, taking into account
joint Gaussian probability distribution between the sample
data [7]. In (1), the unknown measurement model f(·) is
assumed to be zero-mean Gaussian such that

f(x) ∼ GP(0, k(x,x′)). (6)

The Gaussian kernel function k(x,x′) is defined as

k(x,x′) = σ2
sexp(−1

2
(x− x′)TΣ−1(x− x′)), (7)

where σ2
s is the signal variance of f(x), and Σ is the length

scale that determines how fast the correlation between data
points decreases. Typically, the hyper parameters σ2

s and Σ
can be learned by the evidence maximization algorithm [7].

We define the training input data X = {xi}Ni=1, which
contains all locations of each agent and the training target
y = [y1 · · · yN ]T , which is sensory data vector corresponding
to X. When the test location x∗ is given, the posteriori
distribution of f(x∗) is derived as follows:

p(f(x∗)|X,y,x∗) ∼ N (f̂(x∗),Σ(x∗)) (8)

where

f̂(x∗) = K(x∗,X)(K(X,X) + σ2
vI)−1y, (9a)

Σ(x∗) = k(x∗,x∗)

−K(x∗,X)(K(X,X) + σ2
vI)−1K(X,x∗).

(9b)

The i, j-th element of the kernel matrix K(·, ·) is calculated
by (7).

B. Karhunen–Loève (KL) Kernel Expansion

The usual kernel-based GP uses the correlation between all
the sample data, making it difficult to apply to a distributed
GP where each agent cannot access all the sample data.
Therefore, a new kernel transformation is needed. The kernel
(7) can be expanded in terms of eigenfunctions φe and related
eigenvalues λe [21]. They are defined by

λeφe(x) =

∫
χ

k(x,x′)φe(x
′)dµ(x′), (10)

k(x,x′) =

+∞∑
e=1

λeφe(x)φe(x
′). (11)

Defining the kernel expansion in a closed form, in general,
is difficult but the Gaussian kernel expansion has already
been studied. The Gaussian kernel expansion is obtained
via Hermite polynomials, as mentioned in [19]. Then, the
measurement model f in (1) is reformulated as

f(x) =
E∑
e=1

aeφe(x) +
+∞∑

e=E+1

aeφe(x)

= fE(x) +
+∞∑

e=E+1

aeφe(x)

(12)

where

ae ∼ N (0, λe), e = 1, 2, · · · (13)

fE(x) is the E-dimensional approximation of f(x). As
proven in [19], the optimal E-dimensional linear models
can be expressed by a combination of the first E-kernel
eigenfunctions as the learning data set size grows to infinity.

C. Multi-Agent Distributed Gaussian Process

In order to apply the expanded kernel to distributed sys-
tems, a transformation of function (9a) to finite dimensions
is required. Combining (9a) and (12), the Gaussian process
E-dimensional estimator is designed as follows [14]:

f̂E(x) := ΦT (x)HEy (14)

where

Φ(x) :=
[
φ1(x), · · · , φE(x)

]T
(15a)

HE :=

(
GTG

Nm
+

σ2
ν

Nm
Λ−1
E

)−1
GT

Nm
(15b)

G :=
[
Φ(x1), · · · ,Φ(xN )

]T
(15c)

ΛE is the diagonal matrix of kernel eigenvalues and m
represents the number of data acquired by each agent. For
convenience of explanation, this subsection assumes that all
agent positions are fixed so that m is 1.
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Fig. 2: The process of the environmental model construction performed by 64 stationary sensors with distributed Gaussian
process regression. It shows (a) the uncertainty propagation and (b) the change of the GP estimate with time from k = 0 to
k = 75 in order from the left figure. The environmental model is presented in Fig 3. The communication range is equal to
the distance between two adjacent agents. All results are obtained by agent #1 located at the bottom-left corner. In addition
to the results of agent #1, the results of all the other agents converge to the same.

In networked control system, each agent cannot obtain G
and y in (14) without a fully connected network. To replace
G and y, we decompose the related terms in (15b) as follows:

GTG

Nm
=

1

N

N∑
i=1

Φ(xi)Φ
T (xi) =

1

N

N∑
i=1

αi(k0) (16a)

GTy

Nm
=

1

N

N∑
i=1

Φ(xi)yi =
1

N

N∑
i=1

βi(k0) (16b)

Now (14) is reformulated in the following distributed form:

f̂E,i(x) := ΦT (x)

(
αi(k) +

σ2
ν

N
Λ−1
E

)−1

βi(k) (17)

We apply the average consensus algorithm in Section II. D
to αi(k) and βi(k) for k ≥ k0:

αi(k + 1) = αi(k) + ∆αi(k)

βi(k + 1) = βi(k) + ∆βi(k)
(18)

where

∆αi(k) = −
∑
j∈Ni

γ(αi(k)− αj(k))

∆βi(k) = −
∑
j∈Ni

γ(βi(k)− βj(k)).
(19)

As the results of average consensus, (17) converges to (14).
In the same way, the distributed Gaussian process approx-

imation for Σ(x) in (9b) is defined as

ΣE(x) := k(x,x)− ΦT (x)HEGΛEΦ(x) (20)

ΣE,i(x) := k(x,x)

−ΦT (x)

(
αi +

σ2
ν

N
Λ−1
E

)−1

αiΛEΦ(x)
(21)

According to (9) and (14), the computational complexity
of the distributed system is O(E3), whereas that of the
centralized system is O((Nm)3) because of matrix inversion
[14]. Thus, the distributed system is more scalable to the
number of agents and the amount of sensory data where
typically E � Nm.

Fig. 3: Bi-modal environmental phenomenon for simulation.
(left) 3D perspective view. (right) top-down view.

Fig. 2 shows distributed GP example using 64 stationary
agents for unknown environmental model in Fig. 3. The
overall uncertainty for the workspace decreases over time,
and the GP mean estimate converges to the original model.

D. Continuous Information Acquisition and Fusion by Mov-
ing Agent

The results in Section III-C only considered the stationary
sensors with the initially measured data set. When the m-
th sensor measurement yi(km−1) is obtained on xi(km−1),
(16a) becomes following equation:

GTG

Nm
=

1

Nm

N∑
i=1

m−1∑
j=0

Φ(xi(kj))Φ
T (xi(kj))

=
1

N

N∑
i=1

αi(k),

(22a)
GTy

Nm
=

1

Nm

N∑
i=1

m−1∑
j=0

Φ(xi(kj))yi(kj)

=
1

N

N∑
i=1

βi(k).

(22b)

In (16), the initial {αi(k0)}Ni=1 and {βi(k0)}Ni=1 were only
used for the average consensus algorithm. However, if each
agent obtain new sensor measurement while {αi(k)}Ni=1 and
{βi(k)}Ni=1 are approaching the consensus, {αi(k)}Ni=1 and



Algorithm 1 Multi-Robot Exploration for agent #i

1: αi(k < k0)← 0, βi(k < k0)← 0
2: k ← k0,m← 1
3: while True do
4: /*Sensing*/
5: if mod(k,SensingPeriod) = 0 then
6: yi(k)← f(xi(k)) + ν
7: αi(k)← m−1

m αi(k − 1) + 1
mΦ(xi(k))ΦT (xi(k))

8: βi(k)← m−1
m βi(k − 1) + 1

mΦ(xi(k))yi(k)
9: m← m+ 1

10: end
11: /*Communication*/
12: ∆αi(k)← −

∑
j∈Ni

γ(αi(k)− αj(k))

13: ∆βi(k)← −
∑
j∈Ni

γ(βi(k)− βj(k))

14: αi(k + 1)← αi(k) + ∆αi(k)
15: βi(k + 1)← βi(k) + ∆βi(k)
16: /*Multi-Robot Coordination (Algorithm2)*/
17: xi(k + 1)← π(xi(k), αi(k), βi(k))
18: k ← k + 1
19: end

{βi(k)}Ni=1 imply to be recalculated to include new data, and
it has to restart the consensus process from the beginning as
shown in (22). Thus, we propose the following continuous
information acquisition algorithm.

Let assumes that the sensor data acquisition rates of all
agents are identical for convenience. The transition model of
αi(k) and βi(k) at km−1 are represented as follows:

αi(k) = m−1
m αi(k − 1) + 1

mΦ(xi(k))ΦT (xi(k))

βi(k) = m−1
m βi(k − 1) + 1

mΦ(xi(k))yi(k),
(23)

where αi(k < k0) = 0 and βi(k < k0) = 0. If {αi(k)}Ni=1

and {βi(k)}Ni=1 approach to the leftmost terms in (22a) and
(22b) respectively, (17) and (21) converge to (14) and (20)
respectively.

Theorem 1: By updating {αi(k)}Ni=1 and {βi(k)}Ni=1 us-
ing (18) and (23), new data are naturally blended with the
existing αi(k−1) and βi(k−1), so that αi(k) and βi(k) move
towards the leftmost terms in (22a) and (22b), respectively,
in a distributed manner (Algorithm 1).

Proof: See The Appendix.

IV. MULTI-AGENT ACTIVE SENSING AND
CONTROL

A. Exploration and Exploitation

In the previous section, we introduced the distributed GP
to construct an unknown environmental model by letting
multiple agents explore. In this section, we establish a
multi-robot exploration strategy to improve GP performance
with additional data collection and exploitation strategies to
improve problems when focusing only on exploration.

To make up for the lack of information in the initial
location, each robot would move in the direction of the region

Algorithm 2 Multi-Robot Control Policy π for agent #i

input : xi, αi, βi
output : xi,next

1: l← linit
2: ExplorationFlag← True
3: Θinit ← [0, 2π)
4: while True do
5: /*Boundary condition*/
6: Θbc ← {θbc ∈ Θinit| (l∠θbc + xi) ∈ Xmap}
7: /*Collision Avoidance condition*/
8: Θca ← {θca ∈ Θinit| ||(linit∠θca +xi)−xj || > lca,
9: ∀j ∈ Ni}

10: /*Motion Candidates*/
11: Θc ← Θbc ∩Θca

12: if max
θc∈Θc

ΣE,i(l∠θc + xi) > σ2
threshold then

13: break
14: else
15: l← l + linit
16: if l > lthreshold then
17: ExplorationFlag← False
18: break
19: end
20: end
21: end
22: if ExplorationFlag then
23: /*Exploration*/
24: θd,i ← arg max

θc∈Θc

[wi(l∠θc + xi)× ΣE,i(l∠θc + xi)]

25: else
26: /*Exploitation*/
27: θd,i ← arg max

θc∈Θc

[f̂E,i(l∠θc + xi) + ηΣE,i(l∠θc + xi)]

28: end
29: xi,next ← linit∠θd,i

where the uncertainty of GP estimation is high (exploration).
Each robot sets a searching area like (24) based on its current
location xi and calculates the distributed GP variance (21).

Xc = {xc = l∠θc + xi| θc ∈ [0, 2π)} (24)

where l is the search range. If the uncertainty around the
robot is lower than a parameter σ2

threshold, the search for
nearby areas of the robot is not likely to be effective for
improving the overall amount of information. In this case,
the robot should broaden the search area and examine the
GP uncertainty over a wider area (line 15 of Algorithm 2).
If there is a region where the uncertainty exceeds σ2

threshold,
the robot moves toward the direction decided by the lines
12-13,23-24,29 of Algorithm 2. If the robot cannot find an
area having the uncertainty above a certain threshold after
trying expanding the search area, it enters the exploitation
process (lines 17-20,27-28 of Algorithm 2).

The goal of the robots is to find the highest value for the
environmental process. GP increases the uncertainty as the
test location moves away from the data acquisition location.
Therefore, exploration techniques that chase only uncertainty
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Fig. 4: Robotic sensor networks simulation for four agents to search for the highest peak location. It shows (a) the
environmental process estimate and the trajectories of the agents, (b) the uncertainty propagation, and (c) the change of the
GP estimate with time from k = 0 to k = 1500 in order from the left figure. The environmental model is presented in Fig
3. All results are estimates of agent #1 initially located at bottom-left corner.

have a limit in the detailed description of the peak. To
better describe the model around the peak, the exploitation
step is needed [22]. Considering the confidence region of
GP, exploration and exploitation can be performed at the
same time by adding the mean value estimate and variance
estimate, such as (25) (lines 26-27 of Algorithm 2).

θd,i = arg max
θc∈Θc

(f̂E,i(l∠θc + xi) + ηΣE,i(l∠θc + xi))

(25)
η ∈ R≥0 defines the confidence interval of GP model.

Local maxima can still happen in a rare situation when
all the following conditions hold : i) the exploration range
of individual agents, lthreshold (in Algorithm 2), is very small,
so the distance between all agents and a global maximum is
greater than lthreshold (lthreshold can be limited by computational
resource), ii) the variance of global maximum is small
enough, so the agent can no longer access it, and iii) the
estimation result of a global maximum by GP is incorrectly
lower than local maxima.

B. Collision Avoidance and Coordination

For safe multi-robot exploration, we calculate the collision
avoidance condition and the coordination weight. Robot i is
assumed to know the locations of neighbor robots j ∈ Ni
within the communication range lcomm.

In (24), the region farther than the collision-free distance
lca is set as collision-free area Θca (lines 7-8 of Algorithm
2). The workspace boundary condition is also applied in the
same way (lines 5-6 of Algorithm 2).

For efficient coordination of multiple robots during the
exploration, each agent gives the weights to the directions
as far away from its neighbors as possible (lines 23-24 of
Algorithm 2). The weight function wi(xc) for agent i is
defined as follows:

wi(xc) =
∑
j∈Ni

(||xj − xc||)/(||xi − xc||) (26)

It gives a linear weight with respect to ||xj − xc||, which is
scaled to 1 when the ratio of ||xj − xc|| to ||xi − xc|| is 1.

V. SIMULATION RESULT

This section presents a simulation on the virtual environ-
mental model, as shown in Fig. 3. This bi-modal environ-
mental model is unknown a priori, and each robot should
obtain the sensory data from the current robot location. Since
the communication range lcomm is 1, some agents may not
be able to communicate with each other. The goal of this
simulation is to find the highest peak in the entire workspace.

A. Simulation: robotic sensor networks for 4 agents

In this simulation, we perform distributed GP and active
sensing for four agents. They conduct exploration to obtain
an estimate of the overall environmental map, considering
collision avoidance and coordination, then complete the
simulation after rendering the highest peak. We set σ2

s = 1
and Σ = diag([0.02, 0.02]) for the Gaussian kernel (7), and
we set E = 80 for E-dimensional estimator (14) and (20).

Fig. 4 represents the progress over time from k = 0 to
k = 1500. As shown in Fig. 4(a), four agents searched
the map together and gathered at the peak position without
colliding with one another. All agents moved as far as
possible from neighbors to improve exploration efficiency.
Also, they avoid being close to the places in which the
estimate is already reliable. Fig. 4(b) shows the result of
the online GP variance estimate for the agent #1 starting
from the left-bottom corner, with the result of uncertainty
lowering in all regions over time. Similarly, Fig. 4(c) shows
the GP mean value estimate of the agent #1, which gradually
converges to the estimation result similar to Fig. 3. The
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Fig. 5: 3 UAVs robotic sensor networks experiment to search the highest peak location. Snapshots
from 0 to 125 seconds are shown. All UAVs complete the area exploration and at the end gather
at the highest peak.
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Fig. 6: Experiment: robotic sensor networks for three UAVs to search for the highest peak location.
It shows (a) the uncertainty propagation and (b) the change of the GP estimate with time from 0
to 125 seconds in order from the left figure. All results are estimate of the agent #1.

exploitation process starts after k = 1000, and the shape
of the peak becomes valid. By the average consensus, all the
distributed GP estimates of each agent converge (see Fig.7).

(a) Agent 1 (b) Agent 2 (c) Agent 3 (d) Agent 4

Fig. 7: Final results of distributed GP for each agent. All GP
mean estimates converge to the same because of the average
consensus algorithm.

VI. EXPERIMENTAL RESULT

A. Experimental Setup

We validate our algorithm by experiment with multiple
UAVs. Fig. 1 imitates the rough terrain to be used for the sur-
vey experiment. There are three hills with different height in
a 4 m×4 m workspace marked with green lines, and the peak
values are 39 cm (the beige), 29 cm (the red), and 19 cm (the
blue), respectively. Three Crazyflie 2.1 nanocopters shown
in Fig. 1 measure height above ground level (AGL) using

VL53L1x Time-of-Flight sensor, which is mounted on the
bottom of the Crazyflie. VL53L1x is a laser rangefinder that
can measure a distance up to 4 meters, and the measurement
error is from ±1% to ±0.15%. The Time-of-Flight sensor
noise is considered in GP calculation. VICON motion cap-
ture system and inertial navigation system (INS) in Crazyflie
are used for indoor navigation. They fly at a constant altitude
and perform topographic surveys over the entire workspace
based on distance values measured with VL53L1x. The entire
system is implemented in Robot Operating System (ROS),
and the overall algorithm runs at 50 Hz including the online
distributed GP. Because of the limited onboard computation
resource of Crazyflie nanocopters, GP computation of all the
individual UAVs is performed on a laptop (Intel i7-7500U
CPU). The communication network is implemented based on
the distance between agents, so such setting is not different
from the distributed control scenario.

B. Experiment: robotic sensor networks for 3 agents

In this experiment, all UAVs perform an exploration to
estimate the topographic map of the workspace, taking into
account collision avoidance and coordination during explo-
ration and complete the experiment at the highest peak (the
center of the beige-colored umbrella). We set σ2

s = 1 and



Σ = diag([0.02, 0.02]) for the Gaussian kernel (7), and we
set E = 80 for E-dimensional estimator (14) and (20).

Fig. 5 shows some snapshots taken during the experiment.
All UAVs travel around the workspace, construct the to-
pographic map using a laser rangefinder, and gather at the
highest peak in the end.

Fig. 6 represents the progress of this experiment during
t = 125 seconds. Fig. 6(a) shows the result of the online
GP variance estimate for the agent #1, with the result of
uncertainty lowering in all regions over time except that the
boundaries still had high uncertainty because of flight zone
restriction of UAVs. Similarly, Fig. 6(b) shows that the GP
mean value estimate of the agent #1 gradually converges
to the estimation result similar to Fig. 1. The exploitation
process starts after about 100 seconds, and the shape of the
beige region becomes sharp in Fig. 6(b).

VII. CONCLUSIONS
In this paper, we present a distributed GP and multi-

robot sensor networks to obtain a global environmental
model estimate. With the kernel expansion and average
consensus algorithm, we implement online distributed GP
in a networked control system. Using GP estimate, we
establish a multi-agent exploration and exploitation algorithm
with collision avoidance and coordination. Then, multi-robot
exploration simulation is performed in a virtual environment,
and an experiment is performed to construct a topographic
map with multiple UAVs. This study is limited to a stationary
environmental model, and we are working on expanding this
work into a dynamic environment as future work.

APPENDIX
PROOF OF THEOREM 1

Proof: The distributed GP estimator (17) has to meet
the following condition:

GTG

Nm
=

1

N

N∑
i=1

αi(k) (27)

for k ≥ k0. When all agents obtain m-th measurement
{yi(km−1)}Ni=1 at km−1, the left term in (27) can be ex-
pressed as follows:

GTG

Nm
=

1

Nm

N∑
i=1

m−1∑
j=0

Φ(xi(kj))Φ
T (xi(kj))

=
1

N

N∑
i=1

(m−1
m αi(k − 1)

+ 1
mΦ(xi(km−1))ΦT (xi(km−1)))

=
1

N

N∑
i=1

αi(k), (using (23))

(28)

for km > k ≥ km−1 and m ≥ 1. Thus, (27) is satisfied
at all times k ≥ k0. With the help of average consensus
algorithm, {αi(k)}Ni=1 move towards their average value,
i.e., limk→∞ αi(k) =

∑N
i=1 αi(k). As a result, {αi(k)}Ni=1

becomes equal to the leftmost term in (22a). The update rule
for βi(k) is the same.
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