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Abstract— This paper aims to develop time-varying virtual
constraint controllers that allow stable and agile bounding
gaits for full-order hybrid dynamical models of quadrupedal
locomotion. As opposed to state-based nonlinear controllers,
time-varying controllers can initiate locomotion from zero
velocity. Motivated by this property, we investigate the stability guarantees that can be provided by the time-varying
approach. In particular, we systematically establish necessary
and sufficient conditions that guarantee exponential stability
of periodic orbits for time-varying hybrid dynamical systems
utilizing the Poincaré return map. Leveraging the results of
the presented proof, we develop time-varying virtual constraint
controllers to stabilize bounding gaits of a 14 degree of
freedom planar quadrupedal robot, Minitaur. A framework
for choosing the parameters of virtual constraint controllers
to achieve exponential stability is shown, and the feasibility
of the analytical results is numerically validated in full-order
simulation models of Minitaur.

Fig. 1. Planar quadrupedal robot, Minitaur, designed by Ghost Robotics
[1]. A full-order hybrid dynamical model is considered for the development
of the controllers as well as the numerical studies.

I. INTRODUCTION
A. Related Work and Motivation
Recent advances in control synthesis for dynamic,
quadrupedal locomotion have shown great potential and close
similarities to their biological counterparts, but controller
synthesis approaches that address agile gaits for full-order
dynamical models of quadrupeds are still developing. Our
motivation is to design nonlinear controllers that can stabilize
highly agile and dynamic motions with a particular focus on
bounding gaits. By exploiting the potential of time-varying
virtual constraints, we arrive at an exponentially stabilizing
nonlinear controller for quadrupedal bounding. The choice of
time as a gait phasing variable provides advantages such as
allowing the system to start from zero velocity. We extend the
Poincaré sections analysis to study the exponential stability
properties of periodic gaits for hybrid dynamical models of
legged locomotion with periodic and time-varying nonlinear
controllers. We then demonstrate the effect of the parameters
of the virtual constraint controllers on exponential stability
and present an informed approach to guide the selection
of outputs. The strength of the analytical results is finally
demonstrated by numerical simulations of the full-order
hybrid model for a quadrupedal test-bed.
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The control of robotic legged locomotion was first formalized by the zero moment point (ZMP) control strategy,
which stabilizes locomotion by driving the defined ZMP to
remain within the support polygon made by the contact feet
[2]. While this strategy has seen success on both bipedal
[3]–[5] and quadrupedal [6] platforms, this method of control
requires full actuation unlike the inherently underactuated locomotion of biological gaits. More recently, model predictive
control (MPC) strategies which serve to predict the optimal
sequence of control inputs to a finite time horizon have been
used to control more robust and dynamic gait patterns, but
are limited by the constraints of online computation, see
e.g., [7]–[12]. Of the increasing variety of approaches that
have become available to model locomotion problems, one
such method gaining popularity in the legged locomotion
community is that of the hybrid systems approach, see
e.g., [13]–[23]. By casting the problem into continuous and
discrete domains, it becomes possible to capture the evolution of the system over time through Lagrangian dynamics
and to encode different physical and unilateral constraints
that arise due to impacts. The hybrid nature of locomotion
models has been addressed by a multitude of cutting-edge
control approaches such as hybrid zero dynamics (HZD)
[24], [25], transverse linearization [20], [26], hybrid reduction [27], [28], and controlled symmetries [19]. Of these
methods, HZD and transverse linearization broadly address
underactuation. HZD is an extension of zero dynamics to
hybrid models of legged locomotion. In this approach, the
coordination of the links is based on the description of output
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Fig. 2. An overview of Minitaur and the hybrid model of the bounding gait. (a) The floating base B and leg numbering convention for Minitaur. (b)
Illustration of the directed cycle G = (V, E) to represent the bounding gait with 4 continuous-time domains.

functions, known as virtual constraints, which are imposed
via the action of a feedback controller (e.g., input-output
(I-O) linearization). Virtual constraint controllers have been
successfully implemented in simulation and practice on a
wide variety of 2D and 3D bipedal robots [14], [15], [17],
[29]–[32], lower-extremity prosthesis [33], [34], reducedorder models of quadrupedal locomotion [35], and full-order
models of trotting, ambling, and walking gaits [36], [37].
Below, we summarize the advantages and disadvantages of
two primary choices of the gait phasing parameter (i.e., statebased or time-based) utilized by HZD controllers to generate
periodic orbits.
State-based parameterization is the widely used technique
for HZD motion planning and control that considers a
combination of state variables to define a strictly monotonic
quantity, referred to as the phasing variable, to represent the
progress of the robot on the gait. While asymptotic tracking
and exponential stability of the gait are theoretically assured
by state-based HZD controllers, they are frequently criticized
for their reliance on highly accurate models and precise
sensor measurements [38], [39]. In practice, the state-based
controllers fail to account for sensor aggravations induced
by impacts. This is further amplified for dynamic gaits such
as bounding due to large impulse effects. Additionally, the
method requires perturbation of the robot to induce velocity
in the vicinity of the gait’s domain of attraction, which may
be practically infeasible for dynamic gaits. Alternatively,
periodic orbits can be generated by choosing the timevarying parameterization [38], [39]. The key advantage of
this approach is allowing the system to start from zero initial
velocity, so long as the initial state is within the domain
of attraction of the limit cycle. However, development of
time-varying feedback controllers necessitates the use of the
Poincaré sections analysis to validate orbital and exponential
stability [40], [41].
The lack of a closed form solution for the Poincaré return
map adds further difficulty to the construction of exponentially stabilizing HZD controllers for agile and dynamic gaits
such as running and bounding. This observation has led
to the use of event-based controllers, see e.g., [25], [35],
[42], [43]. In this approach, a multi-level control strategy is
adopted to execute the event-based controllers, wherein the

low-level HZD controllers are implemented with adjustable
parameters which are kept constant within the continuoustime domains and are then modified by the higher-level
event-based controllers during the discrete transitions (i.e.,
in an event-based manner) such that all eigenvalues of the
Jacobian linearizeation of the Poincaré return map becomes
a Hurwitz matrix. One drawback of utilizing event-based
controllers for addressing exponential stability of agile maneuvers is the potentially large delay between the occurrence
of a disturbance and the event-based control effort.
In this paper, we aim to answer the following fundamental questions: 1) How can we design time-varying and
exponentially stabilizing HZD controllers for bounding gaits
without event-based actions? and 2) How can we choose
the parameters of time-varying virtual constraints for stable
bounding gaits?
B. Objectives and Contributions
We aim to systematically address the synthesis of a singlelevel exponentially stabilizing and time-varying HZD controller for highly dynamic bounding gaits without any higherlevel event-based controllers. In what follows, we enumerate
out significant contributions: 1) The paper presents necessary
and sufficient conditions to analyze exponential stability of
periodic orbits for hybrid dynamical systems with timevarying nonlinear controllers through the Poincaré sections
analysis. 2) The paper addresses the development of timevarying HZD controllers to achieve stable bounding gaits
for full-order hybrid models of quadrupedal locomotion. It
studies the effects of the virtual constraints choice on stability
and presents an approach to guide the output selections.
3) Analytical results of the paper are numerically verified
on a full-order simulation model of a bounding gait for a
quadrupedal platform, Minitaur (see Fig. 1), with 14 degrees
of freedom (DOFs).
II. H YBRID M ODELS OF L OCOMOTION
A. Robot Model
Minitaur is a 7.18kg quadrupedal robot developed by
Ghost Robotics. Each leg, by design, is sagittaly constrained
with two motors affixed to the ends of a four-bar linkage,
resulting in 8 internal DOFs, that are encoded in the vector
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Fig. 3. Illustration of the single-level feedback control algorithm based on
time-varying HZD control. The value t+ represents the value of t at the
end of the previous domain so the initial value of τ is zero.

respectively, with Xv ⊂ Rn and Uv ⊂ Rm , where n = 28
and m = 8. Moreover, D := {Dv }v∈V with Dv ⊂ Xv × Uv
denotes the domains of admissibility on which 1) the ground
reaction forces are feasible and 2) the unilateral constraints
are satisfied. The evolution of the mechanical system during
the continuous-time domain v ∈ V can be described by the
input-affine state equation ẋ = fv (x)+gv (x) u. In particular,
the equations of motion for the domain v can be expressed
as follows:
D(q) q̈ + H (q, q̇) = B u + Jv> (q) λv
Jv (q) q̈ + J˙v (q, q̇) q̇ = 0,

(3)

qm . Each motor pair in qm is further parameterized by qi1
and qi2 for all i ∈ {0, 1, 2, 3}, where i denotes the leg number. Additionally, a base frame B is attached to the geometric
center of the robot (see Fig. 2 (a)). The position and orientation of the frame B with respect to an inertial world frame
is then represented by qb := col(qx , qy , qz , qroll , qpitch , qyaw ),
in which col(qx , qy , qz ) and col(qroll , qpitch , qyaw ) denote the
Cartesian coordinates and absolute orientation of the robot,
respectively. In our notation, “col” represents the column
vector.
Four-bar legs are affixed to each of the motor pairs at
the four corners of the base frame, consisting of two shorter
upper bars and two longer lower bars which extend to the
respective foot. Each motor in the pair rotates a respective
upper bar, while the motion of the lower bars are determined
from the closed kinematic chain. As the closed kinematic
chain of the four-bar linkage leg structure produces modeling
complexities, similar to [44], we use a coordinate transformation which maps the states of the motor pairs qi1 and
qi2 to respective hip and knee coordinates of an equivalent
two-bar structure for leg i ∈ {0, 1, 2, 3}. For each two-bar
leg, the bars closest to the base frame are removed and
rotation actuators are placed at the original motor location
(the “hip”) and the intersection of the remaining two links
(the “knee”). After performing the linear transformations
qHi := 12 (qi1 + qi2 ) and qKi := 21 (qi1 − qi2 ), where the
subscripts “H” and “K” denote the hip and knee joints,
respectively, we can introduce the generalized coordinates
vector as follows:

where D(q) ∈ R14×14 is the mass-inertia matrix, H(q, q̇) ∈
R14 represents the Coriolis, centrifugal, and gravitational
terms, and B is the input distribution matrix with the property
rank B = 8. In addition, λv and Jv (q) represent the Lagrange
multipliers (i.e., ground reaction forces) and Jacobian matrix
of the corresponding holonomic constraints, respectively. The
set of guards in (2), i.e., S := {Se }e∈E , then defines the set of
states and controls (x, u) ∈ D on which the state trajectories
encounter a discrete transition for the edge e = (v → v + 1).
Furthermore, the set of discrete-time dynamics can be given
by ∆ := {∆e }e∈E , where upon intersection with Se the
state vector x evolves according to the discrete dynamics
x+ = ∆e (x− ) [45]. The set of continuous-time dynamics is
finally denoted by the set FG := {(fv , gv )}v∈V .
In this paper, the hybrid model of a bounding gait is represented by a four-domain directed cycle of alternating stance
and flight phases. Figure 2(b) illustrates the corresponding
graph G with two stance and two flight phases.
Remark 1: Since Minitaur is a planar robot, we are interested in studying the bounding gaits in the sagittal dynamics.
For this purpose, we need to consider the Lagrangian dynamics (3) subject to some additional holonomic constraints
arising from the confinement of the motion in the frontal
and transversal planes. These conditions are expressed as
q̈y = q̈roll = q̈yaw = 0 and can be augmented to the Jacobian
matrix Jv (q) for all domains.

q := col{qb , qHi , qKi | i = 0, 1, 2, 3} ∈ Q

The objective of this section is to investigate the exponential stability of dynamic gaits under time-varying and periodic feedback laws via the Poincaré sections analysis. This
mathematical tool will help us to validate the convergence of
state trajectories to a stable limit cycle and/or to synthesize
real-time controllers that induce exponentially stable periodic
solutions.
We will consider robot gaits as periodic solutions of the
hybrid system Σ in (2). We investigate time-varying feedback
controllers as follows:

(1)

14

for some configuration space Q ⊂ R . The state vector of
the robot is taken as x := col(q, q̇) ∈ TQ := Q × R14 .
B. Hybrid Dynamical Model of Locomotion
The hybrid model of locomotion is described by the
following tuple as [36], [37]
Σ := (G, X , U, D, S, ∆, FG),

(2)

where G = (V, E) represents the directed graph of the locomotion pattern with the vertex set V denoting the continuoustime domains and the edge set E ⊂ V × V representing
the discrete-time transitions between continuous-time domains. The state manifolds and set of admissible controls
are represented by X := {Xv }v∈V and U := {Uv }v∈V ,

III. E XPONENTIAL S TABILITY A NALYSIS OF P ERIODIC
G AITS U NDER T IME -VARYING C ONTROLLERS

u = Γv (τ, x)

(4)

during the continuous-time domain v ∈ V. Here, τ denotes
the gait timing (i.e., phasing) variable which represents the
progress of the robot on the gait. In particular, it is taken
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as zero at the beginning of each domain (i.e., τ + = 0) and
evolves according to
1
τ̇ =
,
(5)
Tv
where Tv is the desired elapsed time for the domain v. In
(4), Γv is a continuously differentiable (i.e., C 1 ) state law in
terms of (τ, x). We assume that by employing the feedback
controller (4), there is a periodic orbit for the closed-loop
hybrid system. In particular, O := {x = ϕ∗ (t) | 0 ≤ t <
T } denotes a periodic orbit for Σ, for some fundamental
period T > 0 and some periodic solution ϕ∗ (t) with the
property ϕ∗ (t + T ) = ϕ∗ (t) for all t ≥ 0. According to the
construction procedure, the state feedback law (4) is assumed
to be periodic in τ with the period taken as 1, that is,
Γv (τ + 1, x) = Γv (τ, x)

(6)

for all τ ≥ 0, x ∈ X , and v ∈ V. In what follows, we study
the dynamic stability of the periodic orbit O for the closedloop hybrid system. For future purposes, we assume that Ov
denotes the projection of O onto the state manifold of the
domain v.
The evolution of the closed loop system during the domain
v ∈ V can be described by the time-varying and periodic
ordinary differential equation (ODE) ẋ = fvcl (τ, x) :=
fv (x) + gv (x) Γv (τ, x). Let ϕv (t, x0 ) represent the state
solution of ẋ = fvcl (τ, x) with the initial condition x0 for
all t ≥ 0 in the maximal interval of existence. From [25,
Theorem 4.3], one can present an equivalent single-domain
hybrid model for the closed-loop hybrid system as follows:

    cl
fv (τ, x)
ẋ


,
x− ∈
/ Se
=
1
 τ̇
Tv
cl
Σ :  +   cl − 
(7)


 x+ = ∆e (x ) ,
x− ∈ Se ,
τ
0
where e = (v → v + 1) is the discrete transition after
the domain v. Furthermore, ∆cl
e represents the equivalent
discrete-time dynamics that are composed of the flows of the
remaining continuous-time domains as well as the discretetime transitions. We note that since τ resets at the beginning
of each domain, ∆cl
e (x) does not depend on τ . In order to
maintain compact notation, we define the augmented state
variables as xa := col(x, τ ) ∈ Xa := X × R+ . Using this
notation, the augmented hybrid system can be represented
by
(
ẋa = facl (xa ) ,
x−
/ Sa
a ∈

Σcl :
(8)
+
cl
−
−
xa = ∆a xa ,
xa ∈ Sa ,
cl
where facl (xa ) := col(fvcl (τ, x), T1v ), ∆cl
a (xa ) := col(∆e (x),
+
0), and Sa := Se × R represent the augmented closedloop vector field, augmented discrete-time transition, and
augmented switching surface, respectively. We are now in
a position to define the Poincaré map for the augmented
system as Pa : Sa → Sa by
 cl

(9)
Pa (xa ) := ϕa TI ∆cl
a (xa ) , ∆a (xa ) ,

where ϕa is the flow of the augmented ODE and TI (xa (0)) is
the time elapsed for the augmented state solution to intersect

Sa . As per the above construction, there is a fixed point
corresponding to the periodic orbit of the augmented system,
that is,
Pa (x∗a ) = x∗a ,
(10)
where x∗a = col(x∗ , 1), and x∗ is the intersection of the
closure of the periodic orbit with the switching surface,
i.e., {x∗ } := Ō ∩ Se . The local exponential stability of
the periodic orbit for the augmented system is equivalent
to having all the eigenvalues of the Jacobian matrix of the
Poincaré map inside the complex unit circle, i.e.,


∂Pa ∗
(11)
(x ) < 1.
eig
∂xa a
The augmented Poincaré map defined in (9) can be considered as an n + 1-dimensional discrete-time system. The
following theorem reduces the exponential stability problem
of time-varying systems into that of an n-dimensional system.
Theorem 1: (Poincaré Analysis for Periodic Orbits of
Time-Varying Hybrid Systems): Consider the time-varying
state feedback laws (4), in which the time-based phasing
variable evolves according to (5) and resets on the switching
manifolds as τ + = 0. Then, the following statements hold.
1) The Jacobian linearization of the Poincaré map for the
augmented system takes the following structure
" ∂Px ∗
#
∂Pa ∗
∂x (x , 1) 0
(x ) =
,
(12)
∂Pτ
∂xa a
(x∗ , 1) 0
∂x

where Pa = col(Px , Pτ ) is a decomposition corresponding to (x, τ ), i.e., Px ∈ Rn and Pτ ∈ R.
2) The periodic orbit O is orbitally exponentially stable
for the closed-loop hybrid system, if, and only if,


∂Px ∗
(13)
(x , 1) < 1.
eig
∂x
Proof: From [46, Theorem D.1] and chain rule, the
Jacobian linearization of the Poincaré map can be expressed
in a closed-form solution as follows:
!
∂sa
(x∗a )
facl (x∗a ) ∂x
∂Pa ∗
∂∆cl
a
a
(xa ) = In+1 − ∂sa ∗ cl ∗
(x∗a ),
Φa (Tv )
∂xa
∂x
(x
)f
(x
)
a
a a
a
∂xa
{z
}
|
:=Π(x∗
a)

(14)
where In+1 is the identity matrix of dimension n + 1, Π(x∗a )
is referred to as the saltation matrix, and
∂ϕa
Φa (t) :=
(t, x0 ) ∈ R(n+1)×(n+1)
(15)
∂x0
represents the trajectory sensitivity matrix. In addition, the
augmented switching surface Sa = Se × R+ can be considered as a zero-level set of a differential function sa (xa )
that only depends on x, that is, sa (xa ) = sa (x). As
∂sa
∗
a
(x∗a ) = [ ∂s
facl (x∗a ) = col(fvcl (x∗a ), T1v ) and ∂x
∂x (xa ) 0], one
a
∗
can simplify the saltation matrix Π(xa ) as follows:
" cl ∗ ∂s
#


∗
a
f
(x
)
(x
)
0
1
I
0
v
a
a
∂x
n
Π(x∗a ) =
− ∂sa ∗ cl ∗
∂sa
∗ 1
0 1
0
∂x (xa )fa (xa )
∂x (xa ) Tv
(16)
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which can be decomposed into (x, τ ) coordinates as


Πxx 0
∗
Π(xa ) =
Πτ x 1

(17)

From the variational equation [46, Appendix B], the state
trajectory sensitivity matrix satisfies the following matrix
differential equation
Φ̇a (t) = Aa (t) Φa (t)
Φa (0) = In+1

(18)

∂f cl
Aa (t) : = a (ϕ∗a (t)),
∂xa

in which ϕ∗a (t) denotes the augmented periodic trajectory.
The trajectory sensitivity matrix as well as the Jacobian
linearization of the augmented vector field along the periodic
trajectory can be decomposed into (x, τ ) coordinates as
follows:


Φxx (t) Φxτ (t)
Φa (t) =
Φτ x (t) Φτ τ (t)
" cl
#


∂fv
∂fvcl
Axx (t) Axτ (t)
(τ,
x)
(τ,
x)
∂τ
Aa (t) = ∂x
:=
.
0
0
0
0
(19)
Equation (19) reduces the variational equation into the following matrix differential equations
Φ̇xx (t) = Axx (t) Φxx (t),

Φxx (0) = In

(20)

Φ̇xτ (t) = Axx (t) Φxτ (t) + Axτ (t), Φxτ (0) = 0

(21)

Φτ x (t) ≡ 0,

(22)

Φτ τ (t) ≡ 1.

(23)

Combining (17) and (20)-(23), we can simplify the Jacobian
linearization of the Poincaré map as follows:




∂Pa ∗
Πxx 0 Φxx (Tv ) Φxτ (Tv ) Dxx 0
(x ) =
0
0
0
1
Πτ x 1
∂xa a
| {z }
∂∆cl
a
∂xa


Πxx Φxx (Tv ) Dxx
=
Πτ x Φxx (Tv ) Dxx

consider a set of parameterized virtual constraint controllers
and will then utilize Theorem 1 to study the effect of
parameters on the stability of bounding gaits. We will also
present a guide on how to choose the stabilizing parameters.
In this paper, the virtual constraints are defined as follows:
yv (τ, x) := H0v (q − qvd (τ )),

where H0v is an output matrix to be determined and qvd (τ )
represents the desired evolution of the configuration variables
during the continuous-time domain v. For later purposes,
hv0 (q) := H0v q is referred to as the controlled variables. Our
previous work in HZD [23], [47] has shown that the proper
selection of the controlled variables hv0 (q) directly affects the
stability of dynamic gaits.
To choose the controlled variables or equivalently the
output matrices, we first start with controlling the internal
and actuated DOFs of the robot. Section V will show that
this cannot stabilize the bounding gait. To stabilize the gait,
we then modify the controlled variables by adding terms that
correspond to the pitch angle qpitch . This will let the HZD
controller take into account the deviation from the desired
pitch angles in the stance and flight phases. It will also allow
the robot to land at proper angles at the end of flight phases
to recover from instability. This procedure is mathematically
done by adding the pitch angle to the internal controlled
variables via some weighting factors αv and βv that will
be tuned in Section V through Theorem 1. Additionally,
the dimension of the virtual constraints for stance phases
is reduced from Rm to Rm−2 due to the closed kinematic
chain formed by the two front or the two rear stance legs,
therefore the outputs associated with the stance hips and
knees respectively are averaged. To make this notion more
precise, the controlled variables for the first stance and flight
phases are chosen as follows:

+ 12 qH2 + α1 qpitch


qH1




q
H3
1
,

H0 q :=  1
1

q
+
q
+
β
q
1 pitch 
 2 K0 2 K2


qK1
qK3


qH0 + α2 qpitch
qH2 + α2 qpitch 




qH1




qH3
2

.
H0 q := 

 qK0 + β2 qpitch 
 qK2 + β2 qpitch 




qK1
qK3
1

2 qH0

(x∗
a)


0
,
0

(24)
∂∆cl
in which Dxx := ∂xe (x∗ ). This completes the proof of Part
(1). With the above structure of the Jacobian matrix, the
eigenvalues become


∂Pa ∗
eig
(xa ) = eig {Πxx Φxx (Tv ) Dxx } ∪ {0}
∂xa


(25)
∂Px ∗
= eig
(xa ) ∪ {0}
∂x
which completes the proof of Part (2).
IV. D ESIGN OF PARAMETERIZED AND T IME -VARYING
V IRTUAL C ONSTRAINTS FOR B OUNDING G AITS
The objective of this section is to present virtual constraint
controllers that allow exponentially stable agile and dynamic
bounding gaits. Virtual constraints are kinematic constraints
that are defined to coordinate the motion of links. We

(26)

(27)

(28)

In (27), we control the average knee and hip angles for the
front stance legs, while allowing feedback from the pitch
angle via the coefficients α1 and β1 respectively. The angles
of the rear legs (i.e., swing legs) are controlled individually
and without influence from the pitch angle. Equation (28)
addresses the controlled variables for the flight phase. Here,
each hip angle of the rear legs–which will land at the end
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which converts the path planning into a nonlinear programming (NLP) problem that can be effectively solved
by IPOPT [49]. The resulting gait is ensured to satisfy
position, velocity, and torque limits while taking into account
the unilateral
and friction cone conditions. A cost function
RT
J = 0 u> (t) R u(t) dt is minimized to ensure the efficiency
of the resulting gait. The NLP has 8208 decision variables,
3996 equality constraints, and 6684 inequality constraints
and produces a feasible gait trajectory in 282.27 seconds
on a 64-bit installation of Windows 10 with 16GB of RAM
and an 8-core Intel i7-9800X 3.8GHz processor. The gait
has an average speed of 0.36 (m/s). Figure 4 (a) depicts the
corresponding limit cycles for two degrees of freedom of the
robot. Color denotes different domains of the bounding gait.
B. Poincaré Sections Analysis
Fig. 4. (a) Limit cycles of qpitch and qK0 for the periodic bounding gait.
(b) Phase portraits for the motions of qpitch and qK0 over 20 cycles starting
from a perturbed initial condition. Convergence to the limit cycle is clear.

of the phase–experiences identical pitch feedback via α2 ,
and the rear knee angles are controlled in the same manner
with respect to β2 . The controlled variables of the front legs
are uninfluenced by the pitch angle. Similar parametrization
can be presented for domains 3 and 4 with different α
and β values. Differentiating the holonomic outputs along
the continuous-time dynamics of domain v results in the
following output dynamics
ÿv = Lgv Lfv yv (τ, x) u + L2fv yv (τ, x) +

∂ 2 yv
(τ̇ )2
∂τ 2

= − Kp yv − Kd ẏv

(29)

in which “L” denotes the Lie derivative, and Kp and Kd
are positive definite matrices and hence, the origin is exponentially stable for (29). From the output dynamics, one can
solve for the minimum 2-norm (i.e., minimum power) I-O
linearizing controller as follows:
u = Γv (τ, x)


∂ 2 yv
2
:= −(Lgv Lfv yv )† L2fv yv +
(
τ̇
)
+K
y
+K
ẏ
,
p
v
d
v
∂τ 2
(30)
where the superscript “†” represents the pseudoinverse operator as the decoupling matrix Lgv Lfv yv is 6 × 8 during the
stance phases.
V. N UMERICAL S IMULATIONS
This section provides details of numerical simulations
which validate the performance of the proposed timevarying, single-level HZD controller on the full-order hybrid
model of locomotion.
A. Direct Collocation-Based HZD Gait Planning
The complexity associated with generating a feasible
periodic orbit O for the nonlinear and full-order hybrid
model of a quadruped bounding gait is addressed with a
direct collocation-based HZD gait planning method [48]

As a direct result of Theorem 1, the exponential stability of
the periodic orbit O for the time-varying closed-loop hybrid
system can be verified via the proposed Poincaré sections
analysis. The Poincaré section is taken at τ = 1 for the
anterior stance phase. We remark that the results of Theorem
1 consider the Poincaré map as an n + 1-dimensional map to
simplify the presentation, but it is indeed an n-dimensional
partial map from Sa back to Sa . To take this point into
account, one would need to remove a dependent coordinate
from the state vector. Without loss of generality, we eliminate
the qz component which represents the height of the base
frame B. We also remark that as the robot travels in the
x-direction, it lacks periodicity in the qx component and
thus, there will be an eigenvalue 1 for the Jacobian matrix
∂Px
∗
∂x (xa ). Consequently, to achieve exponential stability, all
the remaining eigenvalues must lie inside the unit circle.
C. Tuning HZD Controllers and Closed-Loop Simulations
We now employ the parameterized virtual constraints
controller to stabilize the bounding gait generated by the
NLP. Without tuning (i.e., αv =βv =0 for all v ∈ V), the
dominant eigenvalues and spectral radius of the Jacobian of
the Poincaré map about the fixed point are {15.015, 1.0000,
0.0898 ± 0.2418i} and 15.015, respectively, and thus the
gait is unstable. In order to achieve exponential stability,
we employ our previously developed algorithm that is an
iterative sequence of optimization problems including bilinear matrix inequalities (BMIs) [23], [47] to the results
of Theorem 1. The BMI algorithm iteratively updates the
HZD controller parameters {αv , βv } until all eigenvalues
∗
x
of the Jacobian matrix ∂P
∂x (xa ) are within the unit circle.
The algorithm successfully converges to a set of stabilizing
parameters {αv }v∈V = {0.8072, 2.7925, −0.9384, 1.1633}
and {βv }v∈V = {−0.1027, −1.8087, −0.0005, 0.7405}
after a finite number of iterations for which the dominant eigenvalues of the Jacobian matrix become {1.0000,
−0.0509 ± 0.6145i, −0.0621}. As expected, the eigenvalue
of 1 corresponds to the non-periodic evolution of qx , while all
of the remaining eigenvalues are well within the unit circle.
Hence, the gait is exponentially stable. Figure 4 (b) depicts
the phase portraits for the motion of qpitch and qK0 initialized
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Fig. 6. Simulation snapshots illustrating the bounding sequence of Minitaur
as a result of the proposed HZD controller. (a) Anterior Stance (b) First
Flight Phase (c) Posterior Stance Phase (d) Second Flight Phase.

zero velocity initial condition within their respective domains
of attraction. We will also experimentally validate the HZDbased bounding gait for the Minitaur platform.
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