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Abstract— A floating base system is inevitably to contact
the environment while it is moving. This paper explores
the contact force estimation and regulation algorithm for a
position-controlled floating base system without joint torque
information. First, the joint space dynamic model of the system
is presented and transformed into the contact space. Then, the
inverse dynamics method is employed to estimate the contact
forces. After that, a proportional-integral (PI) regulator is
designed to drive the contact forces to track the desired values.
Finally, the feasibility of this algorithm is demonstrated on a
simulated bipedal platform.

I. INTRODUCTION

Legged robots locomote themselves forward by contact-
ing the environments and “manipulating” the environments
backward. They are often termed as floating base systems
owing to their under-actuated dynamics w.r.t. (with respect
to) the inertial reference frames. Compared to the fixed base
manipulators, the control of floating base systems is more
complex because they are subject to varying contact forces
with the environment. Therefore, reading and regulating
the contact forces are necessary for generating a high-
performance dynamic legged motion.

A traditional method for acquiring contact force feedback
is to equip force sensors at the contact locations. However,
adding force sensors will greatly increase the cost and
complexity of the system. Therefore, some researchers have
been trying to indirectly estimate the contact forces acting
on the floating base systems instead of directly measuring
them. Mistry et. al. [1] pointed out that the contact constraint
forces to a floating base system can be estimated iteratively
with the joint torques and the dynamic model. Camurri et al.
[2] computed the grounding reacting forces (GRFs) to the
feet of the quadruped robot HyQ with the feedback of joint
positions, velocities, and torques. The tactile sensor network
together with the other body sensors on the humanoid robot
iCub enabled it to estimate the external forces [3] [4] [5].
Fakoorian et al. [6] designed a continuous-time extended
Kalman filter and a continuous-time unscented Kalman filter
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to estimate the GRFs acted on the feet of prosthetic legs.
Benallegue et al. [7] [8] estimated the foot reaction forces of
a humanoid robot using the inertial measurement unit (IMU)
and the elastic materials under the robot feet. Bledt et al.
[9] presented a discrete-time extension of the generalized-
momentum disturbance observer to conduct proprioceptive
foot force estimates for the MIT Cheetah 3 robot.

If the feedback of contact forces is available, the contact
forces can be regulated by constructing a contact force close
loop and actuating the robot accordingly. References [10]
[11] show examples for this idea. Moreover, some contact
force distribution algorithms for floating base systems have
been addressed in the literature, from both the controlling
and planning points of view. Examples include the motion
planner by Hauser et al. [12], the contact space control
framework by Khatib et al. [13] [14], the task space inverse
dynamics control method by Prete et al. [15], the contact
force distribution optimization method by Li et al. [16] [17]
and the orthogonal decomposition of inverse dynamics by
Righetti et al. [18].

The aforementioned methods had demonstrated their ef-
fectiveness in estimating or regulating contact forces to the
floating base systems. However, in these researches, the
robotic platforms were force-controlled, or at least the joint
torque information is known. To the best of the authors’
knowledge, there is no prior study on the contact force
estimation and regulation of a position-controlled floating
base system without joint torque or contact force feedback.
Here the ’position-control” means that the robot has very
stiff actuation and we can only control its joint positions
or velocities instead of the forces/torques. Besides, the joint
force/torque feedback is not available. The robot is composed
of rigid links and there are no elastic elements on the robot.

In this work, we propose an algorithm to estimate and
regulate the contact forces of a position-controlled floating
base system. This algorithm works even if the joint torque
information is unknown. The main results of this paper are
listed as follow:

o« We have deduced the contact space dynamic model
of a floating base system. This model gives us the
relationship between the contact forces and the robot
base accelerations.

« We have proposed a method to estimate the overall
contact forces using only the system’s kinematic feed-
back. The robot joint acceleration or robot base position
feedback is not needed for this method.

« We have proposed a solution to dynamically regulate
the overall contact forces by iteratively programming
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the joint accelerations.

« The feasibility of our algorithm is evaluated through the

bipedal jogging test.

The rest of this paper is organized as follows. Section
IT gives the motivation for this work. Section III presents
the system dynamic modeling in the joint space and contact
space. In Section IV, we propose the contact force estimation
and regulation algorithm. Experimental evaluations are de-
scribed in Section V. Finally, Section VI gives the conclusion
of this paper.

II. MOTIVATION

A combination of motors and high-ratio gears is widely
used as actuators for legged robots. Examples of these robots
include Asimo [19], TITAN [20] and Little Dog [21]. The
high-ratio gears enabled these robots to generate large joint
torques and perform high-gain position control. The robots
demonstrated quasi-statically stable walking and sometimes
showed a little bit dynamic performance with the help of
delicately programmed motion trajectories. However, it is
difficult for them to intuitively read or control their joint
torques using the motor currents, as loss of motor torque
and output power occurs during their transmission by the
gears. The joints of robots become stiff and nonbackdrivable
due to the high-ratio gears [22]. Many researchers have spent
plenty of attention on the modeling of high reduction gear
transmissions to get better torque estimation on each joint,
such as the works described in [23] [24] [25]. But in dynamic
locomotion of legged robot, velocity and acceleration of
joint motion vary in a quite wide range, the friction of gear
transmission will become very complicated while the robot
interacting with the environment.

In the past few years, legged robots such as the quadruped
MIT Cheetah [26] [27] [28] and biped ATRIAS [29], have
embraced high-torque motors with low-ratio or no transmis-
sions. In these robots, joint torque can be approximated as
torque constant multiplied by the current observed from the
motor. However, the gear reduction is too low to provide
enough load capacity for these quasi-direct-drive systems.

To read or control the joint torques of the robots whose
joints are actuated by motors with high-ratio reduction gears,
or other stiff actuators such as hydraulic cylinders, extra force
sensing elements are often equipped on the actuators. For
example, torque sensors were equipped on the output gears
of the motor actuated HAA joints in the HyQ quadruped
robot, and load cells were mounted on the ends of cylinder
rods that actuated the HFE and KFE joints in HyQ [30].
Elastic components are also frequently utilized as force sens-
ing/regulating elements, known as Series Elastic Actuators
(SEAs) [31]. StarlETH [32] and its successor ANYmal [33]
provide examples for this case. But, the extra force sensing
elements will increase the size, weight, and cost of the robot
joints.

To summarize, although many of today’s legged platforms
are force-controlled, their actuating systems have to be elab-
orately designed and manufactured. Compare to the force-
control mode, the position-control mode is easier, lower-

cost, and more direct for legged robots with stiff actuators.
Therefore, in this paper, we will find a way to estimate and
regulate the contact forces of a floating-based legged robot
without knowing joint torque information. We hope it could
help to avoid the pitfalls of relying on delicate force sensing
techniques for controlling highly dynamic legged robots.

III. FLOATING BASE DYNAMICS

In this section, we model the system dynamics in its
joint space and contact space. This gives us the relationship
between the contact forces and the robot motion.

A. System Description

Denote the system configuration as
T
a=[p" of 6f] ()

where p € R"*! represents the n degrees of freedom (DOFs)
of the robot base, including the position and orientation of
the robot base. n < 6. @5 € R¥! is the joint configuration of
the rigid-body robot’s swing limbs with a joints. 8¢ € R*!
is the joint configuration of the rigid-body robot’s limbs that
are in contact with the environment.

The differential kinematics equation of the robot is written
as

p I 1 0:0 p

nx1 Lohxn_ o _nxa _nxb oonxd_

es | = Jps ' Jos 1 0 05 )
S kxd Ckxn_ g dexa o kxh ] axd

éc JPC 0 ! ch 0

Ix1 Ixn ' Ixa 1 Ixb b><Cl

e 7 "q

where es € R**! represents the positions and orientations
of the swing limbs’ distal ends. ec € R!*! represents the
positions and orientations of the contact locations between
the robot and the environment. J is the Jacobian Matrix
and we make it full row rank hence all the parameters in
e are linearly independent. For systems with its J being
not full row rank, one can easily find a reduced number of
independent parameters in e, for example by using the SVD
decomposition of J [18].

In this paper, we assume that the contact forces are
sufficient to hold the contacts steady and no motion is
observed at these contact locations with respect to the inertial
frame. Hence we have

ec=¢éc=0 3)
B. Joint Space Dynamic Model

When the robot is in contact with the environment, its
joint space dynamics with respect to an inertial frame can
be written as

Mg+Cq+g=S:t+J"Ssfc 4)
with variables defined as
o M c RUrtatb)x(ntath). the floating base inertia matrix.
o C e Rntatb)x(ntath). the floating base Coriolis / cen-
tripetal matrix.
o g e RTa+b)x1: the floating base gravity vector.
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o 8= [0usp)xn Liash)x(atb)] " the actuated joint selec-
tion matrix.

o Tc RE@TDXL: the vector of actuated joint torques.

St = [0/ (nn) lel]T: the contact force selection ma-

trix.

e fc€ R!*!: the vector of I contact forces at ec.

C. Contact Space Dynamic Model
Define the matrix
Vi
V=I1-JTUM "M = |- et (5)
(n+a+b)x(a+b)
Then, according to [34], we can express the joint torques in
terms of the equivalent forces ¥ at the robot base and contact
locations using the following equation:

St=J"y+V1y, 7o Null(Vy) (6)

where Tg is the vector of arbitrary torques within the null
space of V. It is worth noting that f- in (4) represents
the contribution of the forces due to contacts with the
environment, and ¥ in (6) expresses the contribution of the
forces due to joint actuation [34].

Putting (6) into (4), we get

Mg+Cq+g=J"y+Vto+J"Ssfc (7

Based on (2), the system’s second-order differential kinemat-
ics equation can be written as

e=Jq+Jq (8)

Premultiplying (7) by JM~' and combining (8), we can get
e+(IM'C-Ng+IM 'g=IM T y+IMITS f

)

Since J is full row rank, JM~'JT should be invertible and
we can get ¥ as

y=M I e+ (IM'C—T)g+IM'g) — Sy fc
Putting (10) into (6), we obtain 1o
Mé+Cq+g=8t-Vto+J'Ssfc (11)
where
M=J" (M J) C=MUIM'C-J), g=MIM g
Considering (1)(2)(3)(5)(6), (11) can be rewritten as

_ - o A iz - o
MMMz | [ p CuCpCi| | P 8
Cnxn_nxk x| | axa mxninxataxk [ nxl,
— Iy [y LT =~ '~ A ; -
My MMy | | és | + |CoilCniCos | | Os| + | &
caxn_yaxk ! axl || kx1 Laxnlaxalaxh | |.ax]. axl,
v = = — iz = . —
M3 M»Mss | | O C31.C.Cx; | | Oc 83
bxn ! bxk ! bxl - bxn ! bxa ! bxb bx1 b1
N T, T
I Jpsidpc
kv onxl
0 Rxmonxk 1 onxl 0

= || — | _axl_ | 4 0 }Jeg} 0 (ntk)x1

T V270 aXﬁ,%&,;xlT fc |
1 Jec
bxn! bxk ' bxl

(12)

No joint torque element exists in the upper n rows of (12).
We can then determine the principle between the contact
forces and robot motions as the following equation:

M1 p+Més+Ci1p+C120s+C130c+8, =Jpcfc (13)

Considering &s = J,sp+Jos0s +J,sp+Jos0s, (13) can
be converted to

Ap+@Os+Qq+n=J, fc (14)

where
A=M+Mpl,,, ®=Mplgs, N=3,
Q=[Ciu+Mpl,g Ca+Mpdgs : Ci3 |

In (14), we have eliminated the joint torque vector and
obtained the relationship between contact forces and robot
base accelerations. In this paper, we refer to it as the system’s
contact space dynamic model.

IV. CONTACT FORCE ESTIMATION AND REGULATION

This section firstly gives the definition of the overall
contact forces. Then, the contact force estimating method is
deduced and its necessary sensing devices are listed. Finally,
we present the contact force regulator and explain how it
works.

A. Overall Contact Forces

The J 1,2 fc in (14) represents the virtual forces acted
on the robot base that are generated by the contact forces
fc. Only if J, is full row rank will we will be able to
calculate f from (14). For systems with its J,. being
not full row rank, one can easily find a reduced number
of independent contact forces w.r.t. J,.. For example, two
round tips contacting with the floor can be equivalently rep-
resented as a vector with 5 parameters: 3-dimensional force
parameters and 2-dimensional moment parameters, while
three tips contacting with the environment can be described
using the 3-dimensional force parameters together with 3-
dimensional moment parameters. We denote this procedure
as

fo=Hfc (15)

and

fe=H"(HH")'fo+Null(J,{) (16)

where fg € R$*! is the vector of independent contact forces
for J pé. H € RS stands for the transform matrix. g<land
g<n.

fc physically stands for the interactive forces and mo-
ments between the environment and the overall robot. In
this paper, we name fg as the overall contact forces. In
particular, if J, . is full row rank, fg = fc.

Putting (16) into (14), we obtain the dynamics for overall
contact forces:

Ap+®Os+Q4+1=J5f (17

where

Jo=(HH")"'HJ, (18)



B. Contact Force Estimation

Premultiplying (17) by (JgJ§) 'Jg, we get

fo=WcI5) g (Ap+PBs+Q4+1m) (19

The joint acceleration O is difficult to obtain in a practical
system. To solve this problem, we check the differential
equation governing the dynamics of a single joint of multi-
DOF robot:

To—Tqg=1,0 (20)

where 7, is the torque generated by the joint actuator, 74 is
the total disturbing torque acted on the joint axis. [, is the
total moment of inertia of the payload. 6 is the joint angle.

In a high-stiff position-controlled legged robot, the actu-
ating joint torque can be considered as a large gain w.r.t. the
joint position error:

Ty = ko (99— 6) (1)

where k, is the gain of the position closed loop, and 99 is
the desired joint position.

Combining (20)(21) and denoting s as the Laplace vari-
able, we can get

. k, di s2

0= kat+ 2L, kot 521, t
While the robot limb is swing freely without interacting with
the environment, the equivalent payload and disturbance to
the joint will not perform great changes. Hence the s21,, and
5274 should have limited scales. If the joint position feedback
gain k, is sufficiently large, (22) becomes

(22)

6 ~ 9% (23)

which implies that by a large position gain the robot can
suppress both the disturbing torque and the uncertain distur-
bance in payload. Therefore, for a position-controlled swing
limb with stiff actuation, we can take the joint accelerations
as approximately equal to their reference values, i.e.:

O ~ 99 (24)

Then the estimated value of the overall contact force fg
can be obtained through the following equation:

~ ~ ~T. |~ ~~ =~ =
fo=Ucle) o (Ap+ Q4+ +®bser) (25
where the hat and tilde symbols indicate the estimated and
measured values, respectively. Similarly hereinafter.

Now we will demonstrate that, in a position-controlled
floating base system, it is practical to acquire the measured
values on the right side of (25). We further illustrate the
system configuration g as

T
a=[p" oL 6l =[x o" 6L 6] (o)
where x and @ represent the position vector and orientating
angle vector of the robot base, respectively. We can see that
the right side of (25) can be calculated based on os, 6c, 65,
c, %, %, 9, ¢, and ¢. In a position-controlled robotic system,

these requisite feedback values can be obtained through the
following methods:

e 65 and 6c can be measured using the joint position
Sensors.

o 55 and 5C can be obtained through numerical differen-
tiating @5 and 6.

o ¢ and ¢ can be measured using the gyroscope mounted
on the robot base.

o ¢ can be obtained through numerical differentiating ¢,
or measured using an angular accelerometer.

o i can be measured using the accelerometer mounted on
the robot base.

o i can be inferred through leg odometry or state estima-
tion techniques [35].

Note that the robot base position X is not required in solving
(25). Please check the appendix for explanation.

C. Contact Force Regulation

In this part, we will propose an iterative method to regulate
the overall contact forces of the floating base system. Denote

I=JcA JL)""(HH")"'H
T =(JgA I ugA™!

If the current overall system contact force is fg() (fg()
can be obtained via (25)), and the desired contact force at
the next control cycle is noted as dfG(, +ar)» the requisite joint

acceleration of the robot’s contact limbs déc(, +Ar) should be:

B ran = — (T docy) ' OJecq)) (Hdoc N
( ) (( )( )
t/At+1

. <dfG(r+Az) +ki ; <dfG(t+Az) - ?G(r)) Ar

-T (¢([)déS(t+At) + ﬁ(z)))

27

where kj is the vector for integral parameters. At represents

the period of the system’s control cycle. Note that in (27) we

assume a full-ranked A. For the case that A not being full

rank, one may consider to employ the generalized inverse in

(27). Validity of the regulator in (27) is demonstrated below.

If A is invertible, premultiplying (17) by T results in the
following equation:

fo—T(Qq+n+®0s) = (A 'IG) Tgp  (28)
Combining (2)(3)(18) yields
Jop=—(HH") '"H (Jpcp+JocOc+JocOc) (29

Putting (29) into (28), we can get

fG+H(]pCP+]gcoc) -T (Qq+11 +‘pés) = —ngcééo)
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Plugging our regulator (27) into (30), we can get the system
dynamics for (z 4 At) to be

t/Ar+1

(dfG(t+At) - fc(z+m)> + ki Zo: (dfc(t+m) - ?G(t)) At

=II ;4 pp) (-7 pC+anPran + Joc(ar 9c<:+m))

=Y inn (-Q (t+a0)d(+ar) T Maran + Plran eS(H—At))

+T ) (B Bs(ean) + 1)
€Y
If the system control period At is sufficiently short, the sys-
tem configuration and the contact forces will rarely change
between two contiguous control cycles. Hence we can have

r(t+At) ~ YN(z)a
Nitan) = Ny (32)

fawran = Foq
DPay = Py,

oS(t+At) ~ dOS(t+At)-
Combining (31)(32), we derive:

t/At+1
(df G(+a) — f G(r+Az>> +hk ) (df G(f+Al)_fG(t+Ar))At:£
0
(33)
with € being
€= (] PC(r+an) Pli+an) +J 9C(I+At)9C(t+At)) (34)

_r(t+At)-Q (1+At)q(t+At) + &

where &g represents the vector of errors caused by the
approximation in (32).

The left side of (33) is a PI controller about the errors
between desired contact forces and actual contact forces.
This PI controller will eliminate the errors and make the
actual values track the desired values. Note that in (27), the
velocity items are not compensated because it is difficult to
predict the system velocities at (r+ Ar) while the joints are
conducting accelerating motions.

In a position-controlled platform, it may be difficult to
directly control the joint accelerations. Instead, we can set
the desired joint position using the following principle:

~ ~ 1,.
O = Oc() +ko (9c<t)At+ zdeC(H—At)Atz) (35)

where kg is a diagonal matrix for manually tuned gains.

V. EVALUATIONS

In this section, we show the feasibility of the contact force
estimation and regulation algorithm on a simulated bipedal
platform that performed the jogging motion. Video for the
test is available through the attached file of this paper.

A. Bipedal Platform

In order to test the performance of the force estimating and
regulating algorithm for high dynamic motions, a bipedal
platform was built in the robot simulator Webots R2019b
revision 1. Fig. 1 shows a photo of the simulation model
with illustrations of its key parameters. The robotic platform
consisted of a body and two identical legs. The body was

Fig. 1. The bipedal robotic platform built in the simulator.

A i 4
Swing Trajectory |"0s Estimator
Leg Planning " i6. %
= s, 0s
} I :
S"fp ort VMC o, Regulator @
eg

A A

Fig. 2. Block diagram of the bipedal robot controller. VMC: virtual model
controller.

restricted to move within its sagittal plane with a fixed
attitude angle, i.e., it had a horizontal DOF and a vertical
DOF. Each leg had two position-controlled revolute joints:
the hip joint and the knee joint, enabling the foot to move
within the two-dimensional plane. Hence we have n =a =
b=k =1=2. There was a contact switch at each robot
foot to tell whether the foot touched the ground or not. The
control cycle frequency in the simulator was 1000Hz.

In order to detect the actual values of the contact forces,
we embedded a force sensor at each robot foot. The detected
forces were only used for data comparison, not used in the
robot control.

B. Robot Controller

The jogging motion entailed a continuous series of hops
from one leg to the other. Each leg of the bipedal robot
experienced the support and swing phases. Duty factor for
the support phase was set to 0.3. In the support phase,
the leg was virtualized to a spring-damper element, which
is known as the virtual model control. The virtual spring
was compressed and then performed a thrust motion to the
ground. During the “thrust” period we injected extra energy
to the virtual spring to compensate for the energy loss in each
hopping motion. The virtualized foot force was converted to
desired joint accelerations by the contact force regulator and
estimator. In the flight phase, we just simply designed the
foot swing trajectory and then actuated the joints through
inverse kinematics. Fig. 2 gives the control block diagram
for the jogging motion.
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Snapshots of the biped jogging simulation with illustrations of the states. L: left foot; R: right foot; lo: liftoff; td: touchdown.

0.75

—
=]
=
o

0.7

1
t(s)

(b) Vertical positon of the robot body.
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(c) The horizontal contact force to the robot’s left foot. The red curve represents the reference value. The green curve represents
the estimated value. The blue curve represents the actual value monitored via the simulator. The right figure is an enlarged drawing

of the contents in the dotted box of the left figure.
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(d) The vertical contact force to the robot’s left foot. The red curve represents the reference value. The green curve represents the
estimated value. The blue curve represents the actual value monitored via the simulator. The right figure is an enlarged drawing of

the contents in the dotted box of the left figure.

Fig. 4.
phases and the white areas indicate the left foot’s support phases.

C. Results

Our controller successfully actuated the bipedal platform
to jog with various horizontal speeds. Fig. 3 displays some
snapshots of the jogging motion. Fig. 4 shows the per-
formance of our controller. We can see the trajectory of
the robot body successfully mimicked that of a spring-load
system. The estimated contact force values were close to the
actual ones. At the moments that the foot hit the ground, the
estimated and actual contact forces exhibited large impulses.
This phenomenon was consistent with those of the force-
controlled hopping platforms described in [36] [37]. After
the short impulses, the estimated and actual contact forces

Time plots of the robot body position and left foot’s contact force during the simulation. The grey areas indicate that the left foot is in swing

could track the desired values.

In this test, errors in the force estimation were probably
due to the shift of contact points. In the simulation, the
robot foot was a 60mm diameter ball instead of an idealized
pinpoint. Therefore, even if there was no slippage between
the foot and the ground, the contact point between them
would still change slightly during the motion, which was
not consistent with (3).

The error between desired values and actual values of the
contact forces was mainly caused by two reasons. The first
one is the estimation errors, as we used the estimated values
instead of the actual values in our contact force regulator. The

3972



second reason could be found in the PI controller in (33),
since we were not able to set the proportional parameters and
hence the regulating gains were limited, which restricted the
system performance in high dynamic motions.

VI. CONCLUSION

This paper gives an approach to estimate and regulate the
contact forces of a position-controlled floating base system
based on the contact space dynamic model. The basic idea
within this approach is that the interaction between the robot
and the environment will influence the motion of robot
base. By measuring the robot joint configuration and base
orientation, the overall forces at the fixed contact locations
can be estimated. By controlling the robot joint accelerations
based on the system status feedback, these contact forces can
be regulated. Feedback of robot joint accelerations and robot
base position is not needed in this approach.

The major contribution of this paper is that it provides a
solution to dynamically control the interactive forces between
the legged robots and the environment without force con-
trolling or measuring techniques. We have demonstrated the
feasibility of our algorithm with evaluations on a simulated
bipedal robot. It enabled the biped to perform jogging
motion, with acceptable contact force estimating and tracking
performances.

The framework reported in this paper requires that the
robotic system can provide accurate kinematic feedback and
exhibit good position/velocity tracking abilities. In future
work, we will test its performance on physical platforms and
check its robustness to actuating errors and feedback noises.

APPENDIX

This appendix shows the fact that the robot base position
vector X does not exist in (25) or (27). The proof is quite
complex. Here we only describe the basic idea within the
proving process due to lacking space.

Consider the most general case that n = 6 and denote the
robot base position as x = [x, v, z5]7. Then according to
(26), the system configuration g can be written as

T
q=|x5 y» 2 @7 0% O (36)

One can find that, for an arbitrary point on the robot, its
direct kinematics function with respect to the inertial frame
can be expressed by the homogeneous transformation matrix

xp+ px(@,05,6¢)
Yb +py(¢7 05; GC)
<b +pz(¢7 657 OC)
00 0 | i

Therefore, the corresponding Jacobian matrix does not con-
tain xp, yp, O Zp.

Then, following (37), we can find that, in the Lagrangian
of the robotic system, the elements that contain xp, yj, or
zp are irrelevant with other variables. That is, the system
Lagrangian can be written as

R((pa OSa OC)

T(q) = (37)

L= kexp, +kyyp + k.25 + L(@, 05,0, 9,05, 0.5, Y5, 2)
(38)

where k,, k, and k, are constant coefficients.
According to Lagrangian Formulation, the system dynam-
ics (4) can be obtained by

dJL JL
drdg; dgi &
where &; is the generalized force associated with the gener-
alized coordinate g;.

Putting (36)(38) into (39), we can find that x;, y;, and
zp vanished and hence (4) does not contain the robot base
position parameters in x. Since (25) and (27) are deduced
based on (4) and the system Jacobian, we can prove that
the feedback of robot base position X is not needed in our
contact force estimation and regulation algorithm.

i=1,2,...n+a+b (39
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