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Multi-axis Manipulator Kinematic Calibration using
a Novel Linearized Finite Screw Deviation Model

Jaehyung Kim, and Min Cheol Lee

Abstract— This article proposes a method with a serial
manipulator calibration technique using the linearized finite screw
deviation model for calibrating the manipulator to reduce error in
the workspace. With the emergence of robot technology,
applications of the multi-axis manipulator have significantly
increased. In previous research, many studies calibrated the multi-
axis manipulator using end-effector tracking devices such as
vision-sensor-based apparatus. However, the appliance of a special
device for calibration can be resource-consuming in practical
applications for applying every damaged manipulator. In this
research, the proposed method helps the keep manipulator works
appropriately in the workspace when the situation cannot afford
those tracking devices because of the lack of resources such as
budget and time. By designing a linearized finite screw deviation
model to calculate the error of each axis of the manipulator from
the non-continuous points trajectory of the end-effector, the error
model becomes an affine function applicable in the global
optimization method which can identify the deviation of the
manipulator and leads to reduction of the error in the workspace.
To validate the performance of the proposed method, simulation
and the experiment were carried out with seven degrees of
freedom manipulator.

Index Terms— Manipulator Calibration, Error Identification,
Redundant manipulator, Finite screw

[. INTRODUCTION

ulti-axis manipulator has allowed robots to

perform numerous tasks in a complex environment

as personal or professional service robots. In the

research of the Korea Institute of Market Research

[1] and the International Federation of Robotics [2], the growth

of technology to assist robots is relatively slow respect to the

annual installations of industrial robots is constantly increasing.

More recently, calibration of the multi-axis manipulator is

important for accurate and reliable control with increasing

demands for articulated robots in the industrial field. In the

kinematic calibration of the manipulator, researchers have

progressed to the extent of the maintenance of robots [3]. Many

calibration techniques were studied with end-effector
continuous tracking devices such as laser trackers.

Several vision sensor-based (e.g., video recorder) techniques
exist for the study of hand-eye manipulator calibration,
Daniilidis et al. [4] introduced a calibration technique using a
vision sensor and Levenberg-Marquardt minimization. They
calibrated the manipulator by utilizing the dual quaternion and
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the recorded end-effector trajectory, assuming no error between
the camera-identified end-effector position. Renaud et al. [5]
proposed an online calibration technique using multiple
cameras, where the manipulator was calibrated with model
estimation using vision information from different angles. They
demonstrated the calibration on a parallel robot, assuming no
error in the camera-acquired information. Li et al. [6] developed
a hand-eye calibration technique for grinding robots, utilizing
posture information from a 3-D scanner. By calibrating the
manipulator with the criterion sphere design, they achieved a
20% reduction in the mean error of the end-effector. Vision
sensor-based hand-eye calibration offers advantages such as
obtaining overall posture information and being cost-effective.
However, it requires precise coordinate data of the manipulator
obtained from pixel data, necessitating an error identification
method to calibrate the camera's data warp. To enhance
precision, some studies incorporated laser trackers to acquire
more accurate end-effector trajectory data than what the camera
provides. Park et al. [7] and To et al. [8] proposed transfer
matrix-based iterative least-square methods for calibrating
industrial manipulators with 6 Degrees of Freedom (DoF) and
4 DoF, respectively. Sun et al. [9], [10] introduced a finite
screw-based product of the exponential (POE) method for
calibration, utilizing a quasi-differential function. While laser
trackers offer precise end-effector trajectory acquisition, they
are costly and may require training, limiting their widespread
applicability to damaged manipulators.

Vision sensors can be replaced with stereotactic apparatus.
Veitschegger et al. [11] and Zhong et al. [12] applied a probe
to indicate the position of the end-effector in calibration, He et
al. [13], Zhuang et al. [14], and Escande et al. [15] applied
potentiometer-based tracking device to record the trajectory of
the end-effector. These stereotactic apparatus-based methods
can measure the end-effector trajectory easily and precisely
because of the manipulator and measurement device are
physically connected, and easily accessible than laser tracker.
Accordingly, this article proposes a method which requires non-
continuous trajectory from stereotactic apparatus for ease of
accessibility.

The calibration method can be divided into 2 categories:
based on the local link coordinate system and the global
coordinate system [16]. The advantage of the local link
coordinate system-based calibration method is intuitive
calculation. The global link coordinate system consists of zero-
reference modelling [17] and the product of the exponential
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(POE) formula[18], where the POE formula is based on finite
motion. Each link of the manipulator is not connected to its
adjacent link but is connected to the global coordinate.
Therefore, the POE formula has extensive applicability.
Focusing on these advantages, POE formula-based intuitive
deviation model was designed in this article which can apply to
a multi-axis manipulator. In finite screw theory [9], which is a
branch of the POE-based method, differentiation of screw can
be expressed with constraints: assuming there is no
differentiation in the axis of rotation. These are also known as
‘twist’ [19]. In a practical application such as calibration, the
rotation axis also deviates from the initial position by external
disturbance such as collision. In this study, finite screw method
based linear deviation model was designed, which enables the
calculation about differentiation of successive finite screws
from nonlinear complex calculation to linear affine function. By
the model becomes an affine function, the proposed method can
be easily applied to various optimization method.

This article proposes a multi-axis manipulator error
calibration technique with a linearized finite screw deviation
model. With only a few end-effector postures and their
corresponding axis angles, the workspace error of the
manipulator can be calibrated with a simple 3-D printed
stereotactic apparatus, even if it has redundancy. The proposed
method is based on finite screw theory [9], the powerful tool to
establish the link structure of the manipulator from global
coordinates. Moreover, a global optimization technique [20],
[21] was applied to find an optimal solution that lies in a high-
dimensional system, the affine function consisting of linear
deviation. The main contributions of this study are as follows:

1. The novel linearized finite screw error model has been
designed to the error model of the multi-axis
manipulator, which allows the calculation of the
deviation of the successive finite screw with an affine
function of each finite screw differentiation. This
enables point-based calibration calculation by global
optimization method.

2.  Without using the laser tracker or the potentiometer-
based stereotactic apparatus, this study uses a simple 3-
D printed end-effector for recording the coordinates to
increase applicability. By applying the 3-D printed end-
effector, the proposed method can design the deviation
model and reduce the error in the workspace.

3. Simulation of the proposed method has been conducted
to evaluate its efficiency. Furthermore, an experiment
on a serial manipulator with redundancy has been
conducted to validate the proposed method.

With these contributions, the proposed method allows the
workspace calibration of the manipulator with non-continuous
points. By optimizing the linearized finite screw deviation
model, the error of the manipulator can be calibrated with only
a few postures of the end-effector. Simulations and experiments
with a 9-point poking action were conducted with a redundant
manipulator, and circle drawing maneuver was also conducted
to validate the performance of the proposed method.

II. LINEARIZED FINITE SCREW MODEL OF MULTI-AXIS
MANIPULATOR

When formulating the error model of the end-effector
generated by deviation of each axis, screw theory-based method
has a great advantage is that the local coordinate system can be
arbitrarily arranged on the corresponding link, which doesn’t
require successive calculations like the conventional transfer
matrix-based method [16]. Similar to [22], linearization of the
end-effector error model plays important role in identifying the
deviation of axes. In this section, a linearized error model for
calculating the actual axis model of the manipulator is
proposed.

A. Screw Theory

In [9], finite screw can be described as semi-linear system.
Screw theory can be divided to two categories:

The finite screw S, (6,/,8,r) € R e, ‘screw’.

a5 S 0
S, = 4., =2tan(6/2) s +1 S €))

In (1), s € ®R* is the unit vector which denotes the direction
of the rotation axis where the finite motion rotates around,
reR™ is the distance vector from origin of the space

coordinates to rotation axis § . € and [ are the amount of

rotation and translation, respectively. a(6,s)eR” and
PO,lr,s)e R>! are 1~3rd and 4~6th elements of finite screw
S, , respectively.

And the instantaneous screw Sl.(é,i ,8,r) € R™ e, ‘twist’.

s =6 ° +i0
i rXxs S (2)

(2) represents instantaneous movement of the screw. In this
article, S, is called a ‘unit screw’ if 0 is1in 2).

To describe the finite motions with the composition of finite
screws, a triangle product is used, which is shown in [10]

o, +o,+o,o, /2

F= Lot
B+ B, +(apy+B.,)/2
G 0 3)
| —(tan(8, / 2)L,cx, +tan(6, / 2)l,cx,) / 2
H=1-a a,/4
F+G
Sf,ab = % = Sb ASa 4)

Where the operator “X” denotes 3x3 skew matrix of vector
x , and the cross product “x ” in (3) is known as the screw
product [23]. By using (4), the finite screw of the end-effector
with successive axis can be calculated with the operator “ A ”,
which called the triangle product. [10]
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S, p=8,A8, A---AS, A, (5)

Where S, denotes finite screw of end-effector.

To derive elements of screw from the product above, s , 1, 6
and / can be calculated as:
s=—2, 0=2atan(|| || /2)
||l 6
r=sx(f—s)/(2tan(0/2)) (6)
I=[1/s, 1l/s, 1/s,](f—2tan(0/2)(rxs))/3

2

B. Differential of the finite screw

The partial differentiation of the triangle product can be
linearized from (4) by assuming /=0, which means there are
almost no translational movement in finite screw.

a 0
41, -2 - b P AR
M - B, +tan(6, / 2)LI, a, o
o 4-a'a, (7
b
S80S, =M;,08,,
a 0
41, +2| - ‘ |+ S, e, 0]
M B, —tan(8, /) I, «a, ’
¢ d-a'a, (®)

6 SipAS, .= M§b55ﬂb

The figure M denotes partial differential of triangle screw
product where S, , =S, ,AS, ,. If the manipulator consists of

n axes, the partial differentiation of (5) by m-th finite screw can
be calculated using (7), (8) assuming no translational deviation
of m-th finite screw.

(5Sf,E )m :Sf,nNerl A5Sf,m A Sf,mfl~l
(Sf',—(;l~m+]) )A(é’Sf,E)m =5S/,m ASf',m—]~l (9)
= M;g’,;’”*l) (§Sf,E )m = Mdm 6Sf,m

m—-1~1

denotes inverse finite screw of S, ., ,
)AS A(S, _yomiy) =0 . The

inverse of finite screw can be easily calculated by inversing
the sign of the s in the finite screw. The deviation of S, ; by

In(9), S,

—(n~m+1)

which satisfies (S,

~(n~m+1) Foemil = O fpemil

f=(n

m-th axis is shown as below:

(5S_f,E)m :(M:sgt;mm M

m—=1~1

S m (10)

Finally, S, ; can be obtained by combining the (10) of 1 ~n-

th axis, making a simple matrix form:

n

58, =2 (58, ),

i=1

Sn
- Mn—1~1

n—1
oS, + MUy S8, + Z((Mfwm)),. M
i=2
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oS,

956

= [(M;Zﬂ:nn )71 ER) (M;‘;ﬁﬂ,:n”l) )7] Miim [N Miflq]
oS oS oS = M*5S (h
[ 1SS MJ - .
In (1), M7 =[MZ7) e (ML) M, o M and

08,5 =[0S,,

translational properties, (11) can be changed to set of unit
SCrews.

-0S,,1. By assuming each axis doesn’t have

M*6S,, =M*0,5S, (12)

The ©, € R***" in (12) is a diagonal matrix consisting set of
diag(2tan(@/2)) € R’ in diagonal order, which separates the

2tan(€/2) from the deviation of the finite screw

(85,5 =068, ). By separating the term @, € R, a set

of finite screws becomes an unit screw [9].

If there are x number of S, ; and those axes share the same

unit screw, the deviation of unit screws can be calculated as:

5S‘/',E]
5S.. = : +s

X

(M*0,), oS

SiEx

(M*0,),
’ (13)

The seR*™ is array of the slack variables from linearization.

III. GLOBAL OPTIMIZATION METHOD

The finite screw error model has been linearized in previous
chapter, the gap between the actual error model and the
linearized model increases as the deviation becomes larger.
This gap prevents to obtain optimal &, ; with pseudo-inverse

matrix of M” from (13). Furthermore, yet error model has been
linearized but still the dimension of &S, ; is 6n when there are

n-axis in manipulator. However, if slack variable is given, the
optimal &S;; can be calculated by using the global

optimization method. From genetic algorithms(GAs) [21],[24]
to meta-heuristic algorithms[25], various global optimization
method can be applied to (13). In this article, interior point
method with particle-swarm method-based initialization was
applied to optimize the 65, . (13) can be affine if s is given

but still complex because of a high-dimension feature. In this
research, particle swarm optimization method with interior
point method [29] was applied for optimizing the 55, .

A. Interior point method

Interior point method, also referred to as barrier methods,
was developed from Karush-Kuhn-Tucker (KKT) conditions
[26]. In this study, the particle swarm optimization (PSO)
method has been applied for initialization of interior point
method[29]. The finite screw deviation model in (13) can be
affine function with slack variable s . Therefore, the

optimization equation is designed as [28]:



(M*0,), Ay
= (M), =08, s (14)

M*0,), 08 ke
f(aSi‘z )= ((M)z é‘Si‘Z - 5Sf’.b‘z )T ((M)z 5Si.2 - 5S/’,Ez ) (l 5)
min( £(3S,;)), s.t, g(0S,;) = 0S5 £ bup (16)

In (16), b,, € R*" (note that the x is number of axes in

manipulator) is positive real vector that is a threshold of the
08,5 - The b,, mostly determined from the rough

measurement from the damaged manipulator.

The f(x) can iteratively converge with a criterion (16),

where iteration stops when (15) satisfies f(x)<s’s . Not only
interior point method, but also other methods such as trust
region method can be applied for convergence of (15). With a
criterion (16), &S, can be optimized successfully by given

slack variables s and b,, . However, the dimension of the (15)
concerning 6, ;. is significant when the number of the axis is

high, especially when the manipulator is redundant. Without
proper initialization, optimization may converge into local
minima.

B. Particle swarm optimization method

Particle swarm optimization (PSO) method was applied for
the initialization of the proposed method with (16). By
simulating the behavior of particle swarms in nature, PSO starts
with a random population and velocities with position [27],
[30]. Each particle in the swarm represents potential solution,
generated randomly within boundaries. After calculating each

fitness value of each particle x'(¢) = 08,5 (¢) to initialize (16),
then update the individual best with following equation:
Xl(t) € (bup’blo) > V[ (t) € (_| bup _blo |5| bup _blo D

(17)

X't+D)=x )+ Vv (t+1)

ViE+1D) =v () + an (p[’;est -x'(2)) + C,l, (g;gst -x'(¢) (18)

() (b)

where 7,7, €[0,1] are random parameters, and constants
¢, ¢, are acceleration parameters of PSO. Initialization of each
particles position x'(¢) is generated within boundaries where
b

lo

=-b,,. The Di., 18 the fitness value of each particle in i-th

iteration, and g, , is the best fitness value in the overall swarm

[26]. Each fitness values are calculated with given value
function of system, update x'(¢) and v'(¢) until termination

criterion is met. After the termination, begin the interior point
method with the calculated x'(¢) .

IV. SIMULATION AND EXPERIMENT

In the simulation and experiment, the end-effector of the
damaged manipulator have a 9-points posture. After obtaining
the axis angles corresponding with 9 points, apply them to the
ideal manipulator model in simulation and get the
corresponding end-effector posture. Finally, design the
linearized finite screw deviation model with the proposed
method and optimize the model to obtain the deviation of the
damaged manipulator. Then calculate the 9-point trajectory
corresponding to the calculated model using the trajectory
generation method [31] and compare the ideal and calibrated
end-effector postures for validating the proposed method.

A. Simulation with the redundant manipulator ROMAN-7

First, a simulation comparing the deviated finite screw with
a 9-points end-effector posture was conducted. The deviation of
each axis was applied randomly, applying the 9-point trajectory
from the ideal configuration of the manipulator (initial points).
In practical, multi-axis manipulator tilts in a similar direction
because of gravity. Therefore, the deviation tends to be more
significant as the axis is far from the base. In this simulation, a
total of 100 manipulator configurations are randomly selected
for calibration. The overall schematics of the simulation are
shown in fig. 1. The simulation method follows as written
above but evaluates the average reduction ratio with 100
iterations of simulations. The average normalized error
reduction rate was 77% from fig. 3, point 7 ([-35,-10,0] cm
point in fig. 2(a)).

[(6S;5)= ((M)ZISS:.‘: - JS/.EZ)T((M)‘: OSis 7‘551.52)
min(f(85,5)), s4,8(3S,5) =655 <,

() @

Fig. 1. Overall schematics of calibration with the proposed method. (a): acquiring the approximate shape, (b): obtaining the
array of axis angles corresponding to desired end-effector posture, (c): simulating the manipulator with obtained angles, (d):

identifying the deviation with the proposed method
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Fig. 2. Manipulator error calibration comparison with
proposed method in simulation example. (a): end-effector
point comparison in cartesian coordinates. (b):
Normalized error comparison of each point.

B. Experiment with the redundant manipulator ROMAN-7

Second, the actual experiment with a 7-axis redundant
manipulator was conducted. Control and communication
system is the same as [31], which shares same manipulator with
simulation. 3-D printed end-effector and posture target has been
applied. By using a 3-D printed stereotactic apparatus, optical
table and absolute encoder, axis angles corresponding to the
reference end-effector posture from the damaged manipulator
were obtained. As seen in fig. 4 (a), acquiring axis angle using
stereotactic apparatus was carried manually by hand, 3-D
printed apparatus, and optical table. The acquired axis angles
were simulated and calibrated with proposed method. As shown
in fig. 5, the proposed method was able to reduce the error in
the workspace with calculated deviation. The average error
reduction rate of fig. 5 (b) was 64.39%, which is less than a
simulation result. After identifying the deviation of the
manipulator axes using proposed method, measure the end-
effector posture using another pen-attached 3-D printed end-
effector device to determine whether the manipulator calibrated
or not by apply the same reference trajectory and draw with or
without calibration by proposed method. In the result, trajectory
of the calibrated manipulator shows closer to the reference
circle than before calibration as shown in fig. 6. The error of the
center position and axes of the circle were reduced after
calibration as seen in table 1. In the drawing maneuver, the
small deformation on the pen attached part of the end-effector
was observed. Without those additional variables, the result of
experiment will be more precise as simulation.

V. CONCLUSION

This article aimed to reduce the error of the end-effector in
the workspace by identifying the deviation of the damaged
multi-axis manipulator from establishing a linearized finite
screw deviation model. The performance of the proposed
method was validated by simulation and experiment by
showing the reduction of the error in the workspace without
special devices such as a laser tracker. In the simulation, the
error in the workspace was reduced by more than 77%. But in
the experiment, the reduction rate was lower than the simulation
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Fig. 4. An experiment of the proposed method, (a): manual
acquisition of axis angles corresponding to reference end-
effector posture, (b): circle-trajectory drawing maneuver
for comparison between with or without applying
proposed-method
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Fig. 5. Manipulator error calibration comparison with
proposed method with measured angles. (a): end-effector
point comparison in cartesian coordinates. (b): error
comparison of each point.

TABLE 1

Trajectory comparison in the calibration experiment
Unit: em Reference Befor§ Afterh

trajectory | calibration | calibration

Center position [X,y] [-35,0] [-35.9,-0.8] | [-35.4.-0.3]
Tilt [degree] 0° 43.5° 17.5°

Horizontal axis 10 9.7 9.8

Vertical axis 10 10.6 10.2




Fig. 6. The trajectory of the drawing maneuver in
experiment, red: after calibration, blue: before calibration,
(a): comparison of scanned trajectories, (b): refined
trajectories with the computer aided design program

because of the tolerance of the 3-D printed end-effector to the
occurrence of play in the encoder connection part due to the
excessive use, which causes a minimal error at the acquired axis
angles. If a precise global optimization method and firm
stereotactic apparatus not like polylactic acid material are
applied to the proposed method, the performance will increase
more than the result of the experiment carried out in this study.
Moreover, further research with additional optimization
methods or with linear finite screw deviation models will be
carried on for the calibration of complex manipulators such as
redundancy or parallel connection.
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