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Problem formulation of VAE

MNIST
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- What we want:
e p(x,2) e.g., labels, stroke, linewidth

* = p(z|x)pp(x)
« We can infer the latent z from an observation x
* = p(x|z)p(2)
+ We can generate samples x from latent z drawn from a prior p(z)
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How to derive the models?

- Define parameterized deep generative models

* p(x,2) = pe(x]2)p(2)
-+ 0: model parameter (i.e., weight of neural networks)
* p(2): prior (e.g., standard normal dist.)

* Find 6* that maximizes the data log-likelihood
(MLE: Maximum Likelihood Estimation)

« 9* = argmaxy log p(x) = argmaxg log [ py(x|2)p(2)dz

- However, this is intractable, because -
- No analytic solution
* No efficient estimator



How to make it traqtable

q4(z|x): variational distribution
to approx. the posterior p(z|x)

-
2l-- \
P

\\

* logp(x) = log | pe(x|2)p(2)dz
ap(0) >

Z ;
qd¢(z]|x) Jensen’s inequality
po(x|2)p(2) dz log E[x] = E[log x]
q¢(z|x) \
*:= Jg1go (ELBO: Evidence Lower Bound)

* JeLBO €an be efficiently optimized by using
general deep learning techniques (discussed later)

* =log [ pg(x]|2)p(2)

°« > fqd)(zlx) log




What ELBO also optimizes?

* logp(x) — JeLBo = Dky, [Q¢(Z|x)||P(Z|x)]
* Di;lqllp] (:= fqlog%dz): Kullback-Leibler divergence (KL-divergence)

. U= —4.0 KL(p||q) =8.0
- A measure of how g, p are different o —om| ®
0.3 6
0.2 %4-
<
0.1 21
\::::\\ _/ J
Di.1qllp] e G iis a0 3 s
- Minimize | } g _ J
‘ / https://qiita.com/ceptree/items/9a473b5163d5655420e8

ELBO max. is equivalent to
| variational inference Dy, |q||p]
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How to compute JeLgo

po(x|z)p(2) p

JELBO = jCIqb(Z|X) log 1910

Z

= qub (z|x) logpg(x|z) dz — f q4(z|x) log qq;((zzl)x) dz

= Ez~q4(zix) 108 Do (x]2)] = Diy, |94 (z|0)||p(2)]

[
Log-hkelihood of egularizer to encourage ¢ (Z|x)
autoencoded x .
to be close to the prior p(2)
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How to compute JgLgo

- Computational Graph with Deep Gaussian Modeling of pg, g4
* ]ELBO — IEZ~C[¢(Z|.X’) [log Po (X|Z)] o DKL [CIqb(le)Hp(Z)]

) R
6@ [ 2~ N (it 03) PQ(X|Z) — .

— o,. constant




How to compute JgLgo

- Computational Graph with Deep Gaussian Modeling of pg, g4
* JeLBo = Ez~qy(zixllog e (x|2)] — Dy, [94(z|2)]1p(2)]

£~ N(0,1)

| T aw %
—1q¢(2]%) | p,(x) \ z ~ q¢(z|x) po(xlz) :‘;-
AL/
[P(Z) = N(0,1) k DKL[qu”p]
AN

~ 1
x50 (1 +7 ~logef) |
J

o.. constant




How to compute JgLgo

- Computational Graph with Deep Gaussian Modeling of pg, g4
* ]ELBO — IIE:vaqu(z|x) [log Po (X|Z)] o DKL [CIqb(le)Hp(Z)]

_’;

£~ N(0,)

T o
de(Z1X) | u,(x) > Z~ 4p(z]X)

| “”

Dk, [CIcp | |P]

1
o« ) (4} + 07 —loga?) |
J

’I\

E[-] is approx. by
a single sample

|

E[log P9~(X|Z)]




How to compute JgLgo

All forward operations are differentiable
= Vg 4JeLB0 CaN be efficiently computed by back-prop.

- J

T o®
CI{(\ZPC U, (x) > Z~ q¢(z|x)_—_

=

7’[5\# ____

Dk, [CIcp | |P]

1
2 2 2 ~
<5 ) (uf +of ~loga?) | -
J




How MNIST data are encoded
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Application of VAE to robotics

» Control from high-dimensional input (e.qg., pixels)

- Compact latent representation makes planning and
policy optimization much easier

- Simple control schemes are also applicable; e.qg.,
* Linear programming [Water+, NeurlPS2015]
 Linear controller [Ha+, NeurlPS2018]

l= 12,288 I

x E R64X64X3

(' ® z € R3°
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World Model [Ha+,NeurlPS2018]

» Model-based reinforcement learning utilizing VAE

* Procedure
1. Train a VAE
—I
2. Train a latent dynamics model
P(Zes1lze, at)
3. Train a policy utilizing

Imagined trajectories N\

(learning inside of a dream) 1.] : \

i



Is (vanilla-)VAE enough for control?

» World Model trains VAE and dynamics independently

- VAE does not consider time correlation
- Consecutive latent might be distributed unsmoothly
- How to incorporate time correlation for more smooth space?

Latent space Latent space
4 ~N / \
g t Zty2
\\\\ ‘___,_——""/::'p \‘Q Ziyz t
—————— S Z; 7 Ziyp O'
___________ \\\ /',' ‘\\ t+ 1 ———‘—‘_O——"'_—
OA— \\\ ,'/ N O ____________
Zty3 40
Zt+1

Y y \ 760 /
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Time-series VAE
a.k.a. POMDP

PGM of vanilla-VAE - PGM of time-series VAE (Partially observable
Markov Decision Process)

JELBO = [Eq(z|x) [logp(xlz)] JELBO = Z ]Eq(zt|x5t,a<t) [logp(xtlzt)] -
t

761
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Time-series VAE

* JELBO = Xt ]Eq(zt|xst,a<t) [log | —
Dt Eqcz_ ) [DKL [q(z¢|x<p, ace)]] ]]

- e -

* q(z¢|x<p, azp): encoder  |xs= x|
- decoder <t =101, ap) 0, G )
: dynamics model

= We can jointly train VAE and dynamics
= Smooth latent space is constructed so that
consecutive latent is easily predictable



Deep Planning Network (PlaNet)
[Haftner+, ICML2018]

- Planning (trajectory optimization) in latent space
utilizing a learned time-series VAE

* Optimize as; to maximize the predicted return
* Opt. method: Cross-entropy Method (Monte Carlo based)

Generative model of reward | Fstimated reward
. i I N
p(1¢|z;) is also trained

Tt Tt+1

Xt
Z Z VA
: % t t+1 t+2
|
|
At

763
At+1 At+2 18

paid
poid




Dreamer [Hafner+, ICLR2019]

* Policy optimization in latent space
utilizing learned time-series VAE

* Train parametrized policy g (and value function)
by backpropagating the estimated return
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Problem Formulation

uII bs rvabl Mark vD cisi n Process (MDP

,_____________________________________

‘ @@@ ______________________________________ :

Optlmallty
Blnary variable

* 0, =1ifr(z,a,) is optimal
ﬂws_e_@_e_ljp(dlscussed later) * 7(z¢, a): reward function
* p(O; = 1|_Zt» ag) ’=_f(7”(Zt» at)_)
* f(-): increasing function
(discussed later)

- e = e e e e e e e e e e e e e e e =

What w want ﬂ '/WI|| be omitted
"""" forreadablllty |




How to infer p(t]0s; = 1)

» Analytical inference p(r|05: = 1) is intractable
= Variational inference Dg; |q(7)||p(7|O0s; = 1)]
by ELBO maximization

- How to define a variational distribution q(7)
* q(t) = qlas) I1: p(Z¢ 4112, ar)
 To derive trajectory optimization
* q(t) = [l p(Zt 4112, ap)m(as|s;)
- To derive policy optimization
* Note: p(z¢4+1|2¢, ar) governs the state transition



Trajectory optimization as inference

- Derivation of ELBO q(7): variational |
dlstrlbutlon i
¢ lng(0>t — 1) — logfp(T 0>t — 1) dT _____________
: _1).9® ) ———
logfp(r Osr=1)- q(T) | |
- — p(T Ost= 1) i ) . . . E
= logEq(p) pra ~--2-?--_(-,f:l=’—’f__)_____g.?-l-nformatlve prior |

- -
- -
———————

——————

P

oo .. [DPerilzean) TpO=1lzea0)
554 i q(aze) [1p(Ze+11ze,at) > ) - Jensen’s |
< _inequality |
| =JeLBo </ ™

= ]Eq(r) [10gl_lp(0t = 1|z, a;)

——'

- -
- ~
~~~~~~
- -~
_____
——————
~~~~~~~
............

..............

Vo 1| Max.
Y r(zp,a) | JELBO

if p(O¢lze,ap) = exp(r(zt, at)) 08

Max. Return + Entropy |




Variational Inference MPC

[Okada+,CoRL2019]
* Max. JgLpo = IEq(‘l:) [logp(Os¢ = 1|7) |
l Mirror Descent ';jﬁ;(odzt a) |

* VI-MPC (variational inference model predictive control)
a(a) q(a) - E[p(0s¢ = 1]7)] - q(a)™"
IE':q(a) [E;[p(Os¢ = 1|7)] - q(a)7¥]
» This generalizes various MPC methods

(00 | MPPI[18] | CEM[16] | Prop-CEM [20] CMA-ES [19]

S ——————— -——

~~ ~,

~
~
~
~
~
~.

W

PT) = Tmin | o Jog g(r(r)) - 1 [r(7) > ren]

'mazxz — Tmin

_____________
___________
_______

............

........

' Model Predictive Path Integral Cross Entropy Method 24




VI-MPC & PaETS [Okada+, CoRL2019]

(Probabilistic Action Ensemble with Traj. Sampling)

- Different definitions of p(O|7t) & g(a) derive
various MPC methods

~ e.g., Toy navigation task

4 N
VI-MPC (4 ;
. ~ /q:_Gaussian \ | e M G
q: Gaussian Mixture | e
PaETS | . o
MPP' @ kOkada+ CoRL2019/ N ORY T
tegoraa) ) | T
N N (q ...... aegonca} / | q: Gaussian q: Gaussian Mixture
PO x " ® | (pOID) = 1) > rina] 1

~ Encourage active exploration
™ in reinforcement learning,.



Policy optimization as inference

« Derivation of ELBO

* 10gp(0>t — 1) = ) ____________________
* Erege [X7(z¢ a¢) — Xlog 7T(C‘if:|Zt)] = JELBO

!\ “
,__—' ~
- Ss
- ~
—_— ~
—— Ss.
- ~.
~
—————

............

2
(

p(O¢l|zs, a;) = eXp(T(Zt, at))

» Solve ELBO by dynamic programming
* JeLBo = Egi~r(as)zy) [T(Zt' a;) — logm(as|z;) + Ez \ ~p(zes1lzear) [V(Zt+1)]]
* = [Eat~n(at|zt)[ — logm(ay, z;)]
* where
* V(Ziq) = ]En(at+1|zt+1)[r(zt+1 Arr1) — logm(aryq, Zeyq) + Epzin0) [V(Zt+2)]]

= T(Zt+1 at+1) + [EP(Zt+1|th1)[V(Zt+1)] 26



Policy optimization as inference

» Solve ELBO by dynamic program

° ]ELBO — Eat~n(at|zt)[ _ logn(at’ Zt)]
¢ = ]Eat"‘TL'(Cltth) [loge _ logn(at' Zt)]
= Eq,~m(a,|z) [loge —logm(ay, z;) +logZ —log Z |

« Z(= [ e“da): normalizer
* X =Dy, [”(at|Zt)|| - ~ ]

» Optimal policy

- Boltzmann distribution



Soft Actor Critic (SAC)
[Haarnoja+, ICML2018]

» Soft bellman equation
* V*(z) =log [ exp Q*(z;, ar)da, (= log Z)
* Q*(zr,a¢) =1(2,a¢) + Epzrqlzea0) [V (Zt41)]
* w(a|zy) = explQ”(z;, ar) — V™ (z,)] = argmin Dk, [r|| exp[Q* — V7]
» Concept of SAC
* Define deep parameterized models Vy,, Qg, 74
» Train Vi, Qg, Ty to be V™, Q7, ™ by optimizing bellman errors

) ]V = (le — logfexp Qg da)z > (le - IE[QQ T 10gﬂ¢])2

o~
~~
~
N, ~~<
~

_______

2
"o = (Q9 —(r+ IE[VI/’D) ' Lower bound
o Jo=—DyimgllexplOe —Vy]] T




Soft Actor Critic (SAC)
[Haarnoja+, ICML2018]

Screenshot @ Oct. 5th, 2020 2 hours

=  soft actor critic B I! :

€ Scholar About 88,000 results (0.05 sec) YEAR + —

N,
g \

\
Soft actor-critic: Off-policy maximum entropy deep [PDF] arxiv.org
reinforcement learning with a stochastic actor
Model-free deep reinforcement learning (RL) algorithms have been demonstrated on a range
of challenging decision making and control tasks. However, these methods typically suffer from
two major challenges: very high sample complexity and brittle convergence ...
Y¢ U9 Cited by 867 Related articles All 6 versions 99

Soft actor-critic algorithms and applications [PDF] arxiv.org
T Haarnoja, A Zhou, K Hartikainen, G Tucker... - arXiv preprint arXiv ..., 2018
- arxiv.org

Model-free deep reinforcement learning (RL) algorithms have been successfully applied to a
range of challenging sequential decision making and control tasks. However, these methods
typically suffer from two major challenges: high sample complexity and brittleness to ...

\ Yy 99 Cited by 227 Related articles All 2 versions 99 /

Improving exploration in soft-actor-critic with normalizing  [PDF] arxiv.org
flows policies

PN Ward, A Smofsky, AJ Bose - arXiv preprint arXiv:1906.02771, 2019 - arxiv.org

Deep Reinforcement Learning (DRL) algorithms for continuous action spaces are known to be
brittle toward hyperparameters as well as\cut {being} sample inefficient. Soft Actor Critic

(SAC) proposes an off-policy deep actor critic algorithm within the maximum entropy RL ...

Y¢ D9 Citedby9 Related articles All 2 versions $%

Soft actor-critic for discrete action settings [PDF] arxiv.org 774




Full

Problem Formulation

bservable Markov Decision Process (MDP

—————————————————————————————————————————————————————————————————————————

___________________________________________
-

prs
-
-
-
-

What we want:
p(T|0st = 1, x4, a¢)

|
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Trajectory optimization as inference

* Derivation of ELBO
* logp(Ost = 1, x<¢|lact)

* = Eqpllogp(0s¢|7T) —logq(as,) +log p(xei|zop) = Observation likelihood
» Optimizing ELBO by latent VI-MPC [Okada+,IR0S2020]
* q(as;) < q(a>0) Bz pyr~p[P(O>¢[T)]-47"

>t IEq(a>t)[Ezst+T~P[p(0>t|T)]'q_K]

e P = (H?:Tt P(Zer 41121, at’))

Prediction by latent
dynamics p(z44] )
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PlaNet of the Bayesians (PlaNet-Bayes)
[Okada+,IROS2020]

- Extension of PlaNet based on (Bayesian) inference

{Heuristically employs CEM

. . . 000 — [ ] 15;;\1 eeeeeeee (Ours)
Utilize Bayesian inference? . f
g 750
1. Latent Model 6 2. MPC-Polic g 500
PlaNet [Hafner et al., 2019] | X: argmaxg p(D|6) X:argmaxg,, 7(Zs¢, Ast) - _
PlaNet-Bayes (Ours) v': Infer p(6|D) v Infer p(zs¢, @se|Ose) ol " e
= Cheetah g Walk L e WA
. . € 1500 ,. 100 p e
Model posterior inference ™ A
" » 1000
s also conducted §
Iﬁ- 500
¢ O’ 500 1000 1500 2000 0 500 1000 1500 2000

Number of Episodes Number of Episodes

777

32



Policy optimization as inference
SLAC (stochastic latent actor critic) [Lee+, arXiv2019]

« Derivation of ELBO
* logp(Ost = 1, x<¢lact)
* > Zt’St EQ(Ztrlethaa’)[logp(xt,|Zt’)] -

2t'>t IE:q(zt/_ll-) [DKL [q(zyr|x<er, ace )P (2471240 g, at’—l)]] T

* = Jdvae T
» Concept of SLAC

- Define parameterized models Vy, Qq, 7y, 94, P

« Jointly optimize Jyar and by similar training procedures of
time-series VAE and SAC

778
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Takeaways

- Various popular algorithms are based on variational
inference (or ELBO maximization)

» Derive your novel algorithm by
- Formulate your graphical model (or generative model)

« Define variational distribution g
* Derive ]ELBO

- And implement your algorithm by
- TensorFlow, Keras, Pytorch,

» Pixyz, SERKET




