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Abstract— Motion planning under uncertainty for an au-
tonomous system can be formulated as a Markov Decision
Process with a continuous state space. In this paper, we propose
a novel solution to this decision-theoretic planning problem
that directly obtains the continuous value function with only
the first and second moments of the transition probabilities,
alleviating the requirement for an explicit transition model in
the literature. We achieve this by expressing the value function
as a linear combination of basis functions and approximating
the Bellman equation by a partial differential equation, where
the value function can be naturally constructed using a finite
element method. We have validated our approach via extensive
simulations, and the evaluations reveal that compared to base-
line methods, our solution leads to better planning results in
terms of path smoothness, travel distance, and time costs.

I. INTRODUCTION

Many autonomous vehicles that operate in flow fields,
e.g. aerial and marine vehicles, can be easily influenced
by environmental disturbances. For example, autonomous
marine vehicles might experience ocean currents as in Fig. 1.
Vehicles’ uncertain behavior in an externally disturbed envi-
ronment can be modeled using a decision-theoretic planning
framework where the substrate is the Markov Decision
Process (MDP) [1]. Since vehicles operate in a continuous
domain, to obtain a highly accurate solution, it is desirable
to solve the continuous-state-space MDP directly. However,
this is generally difficult because the exact algorithmic
solutions are known to be computationally challenging [2].
Besides, finding the solutions to MDPs typically requires
knowing an accurate transition model, which is usually an
unrealistic assumption. Existing works that apply the MDP
for navigating aerial vehicles [3] or autonomous underwater
vehicles (AUVs) [4], [5] typically use a simplified version of
the continuous state space MDP. They represent the original
MDP using a grid-map based representation and assume the
vehicle can only transit to adjacent grid cells. This coarse
simplification poorly characterize the original problem, and
thus may lead to inconsistent solutions.

In this work, we propose a novel method that obtains a
high-quality solution in continuous state space MDPs without
requiring the exact form of the transition function. Compared
to the majority of continuous MDP frameworks, we tackle
the difficulties in large scale MDP problems from a different
perspective: the integration of two layers of approximations.
The value function is approximated by a linear combination
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Fig. 1: Oceans currents can cause significant disturbances for
autonomous marine vehicles. The Agulhas Ring gyres of southern
Africa are unusually strong. (Source: NASA.)

of basis functions and the Bellman equation is approximated
by a diffusion type partial differential equation (PDE), which
allows us to express the Bellman equation using minimum
characteristics of transition probabilities. This combination
naturally leads to the applications of the Finite Element
Method (FEM) for the solution.

Specifically, we first approximate the value function by a
weighted linear combination of finite basis functions. Then
using the Taylor expansion of the value function [6], [7],
we show that it satisfies a diffusion-type PDE, which only
depends on the first and second moments of the transition
probability. We apply the FEM to solve the PDE with suitable
boundary conditions. The method is based on discretization
of the workspace into small patches in which the continuous
value function may be approximated by a finite linear com-
bination of basis functions, and the resulting approximation
naturally extends over the entire continuous workspace.
Combining these procedures, we propose an approximate
policy iteration algorithm to obtain the final policy and
a continuous value function. Our framework in principle
allows us to compute the policy on the entire planning
domain (space). Finally, we validate our method in a scenario
involving navigating a marine vehicle in the ocean. Our
simulation results show that the proposed approach produces
results superior to the classic grid-map based MDP solutions.

II. RELATED WORK

Planning under the presence of action uncertainty can be
viewed as a decision-theoretic planning problem which is
usually modeled using MDPs [8]. Most existing methods that
solve MDPs in the robotic planning literature use tabular
methods, i.e., converting the continuous state space into a
set of discrete indices [9], [1]. For example, in [3], the
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authors model the task of minimum energy-based planning
for aerial vehicles under a wind disturbance using a finite-
state MDP. Similar work [10], [11], [12], [13] addresses tasks
of minimum time and energy planning under uncertain ocean
currents as an MDP problem. These grid-based solutions
typically use a histogram-type approximation and assume
the same values within each discretized state representation.
To achieve good accuracy, the histogram-type approximation
usually requires fine discretization resolution, which leads
to significant computational time. In contrast, our method
approximates the value function in a continuous form directly
by the basis function.

Another well-known approach for optimal planning is
based on incremental sampling-based methods, e.g., PRM*
and RRT* [14]. These methods have been used in target
searching [15], ship hull inspection [16], and autonomous
driving [17]. The asymptotically optimal behavior of these
algorithms is the result of the principle of dynamic pro-
gramming [18], [19], which shares the same root as solving
the MDP problems. However, these algorithms are not suit-
able for planning under uncertainty problems because they
assume the motion of the vehicle is deterministic. Recent
work [20], [21] extends the original RRT* and PRM* algo-
rithms to solve planning tasks which have stochastic action
effects. It builds a sequence of MDPs by sampling the states
using an RRT-like method then performs asynchronous value
iteration [22] iteratively. The above incremental sampling-
based methods find trajectories and attempt to follow them.
In contrast to these methods, our proposed method finds
the optimal value function directly, which in turn generates
optimal behavior.

It is also worth mentioning that many direct value function
approximation methods have been proposed in machine
learning and reinforcement learning [1]. Generally, the ap-
proximate value function is represented as a parametric
functional form with weights [23], [24]. Fitted value iteration
(FVI) is one popular sampling method that approximates
continuous value functions [25], [26]. It requires batches of
samples to approximate the true value function via regression
methods. However, the behaviour of the algorithm is not
well understood, and without careful choice of a function
approximator, the algorithm may diverge or become very
slow to converge [27], [28]. In contrast to the sampling
methods, we attempt to approximate the value function using
second-order Taylor expansion and calculate the resulting
partial differential equation via a finite element method [29].

III. PROBLEM DESCRIPTION AND FORMULATION

This section describes decision-theoretic planning via
Markov Decision Processes (MDPs). We consider planning
of minimum time cost under uncertain actions caused by dis-
turbances (e.g., ocean currents, air turbulence). This problem
is usually formulated as an infinite time-horizon MDP.

We represent the infinite discrete time horizon MDP as
a 4-tuple pS,A, T , Rq. The continuous spatial state space
S denotes the entire autonomous vehicle planning region
(or domain). Accordingly, a state s P S is a spatial point

px, yq P R2 on the plane, and it indicates the location of the
vehicle. When the autonomous vehicle starts from a state,
it takes an action to move toward the next state. We model
the action space A as a finite space. An action depends on
the state; that is, for each state s P S, we have a feasible
action set Apsq Ă A. The entire set of feasible state-action
tuples is F :“ tps, aq P S ˆ Au. There is a probability
transition law T ps, a; ¨q on S for all ps, aq P F. T ps, a; s1q
specifies the probability of transitioning to the state s1 given
the current state s with the chosen action a constrained by
system dynamics. The final element R : F Ñ R1 is a real-
valued reward function that depends on state and action.

We consider the class of deterministic Markov poli-
cies [30], denoted by Π, i.e., the mapping π : SÑ A depends
on the current state and the current time, and πpsq P Apsq
for a given state. For a given initial state s0, the expected
discounted total reward is represented as:

vπps0q “ Eπs0

«

8
ÿ

k“0

γkRpsk, akq

ff

, (1)

where γ P r0, 1q is a discount factor that discounts the reward
at a geometrically decaying rate. The aim is to find a policy
π˚ to maximize the expected cumulative discounted reward
starting from the initial state s0, i.e.,

π˚ps0q “ arg max
πPΠ

vπps0q. (2)

Accordingly, the optimal value is denoted by v˚ps0q.
Under certain conditions [30], [31], it is well-known

that the optimal solution satisfies the following recursive
relationship

vpsq “ max
aPApsq

 

Rps, aq ` γ ¨ Earvps1q | ss
(

, (3)

where Earvps1q|ss “
ş

T ps, a; s1q vps1qds1. This is the Bell-
man optimality equation, which serves as a basis to solve the
problem expressed by Eq. (1) and Eq. (2). Popular algorithms
to obtain the solutions include policy and value iteration
algorithms as well as linear program based methods [30].

IV. METHODOLOGY

Our proposed methodological framework consists of four
key interconnected elements for the solution to the MDP
problem with a continuous or large-scale state space. First,
we approximate the value function by a weighted linear com-
bination of basis functions. Once the weights are determined,
the value function for the entire state space is readily eval-
uated. Secondly, to alleviate the requirement for an explicit
transition model, we approximate the Bellman equation by
a diffusion-type partial differential equation (PDE). This is
achieved through Taylor expansion of the value function with
respect to the state variable [6], [7]. The obtained PDE only
requires the first and second moments of the transition prob-
abilities, potentially leading to wide applicability. Thirdly,
integrating the above key steps together naturally leads to
the Finite Element Method (FEM) for the solution to value
function approximation given a policy. The FEM framework



allows us to transfer the approximate PDE to a linear system
of equations whose solutions are exactly the weights in the
linear combination of basis functions. Moreover, the resulting
linear system depends on finitely many discrete states only.
Finally, we propose a policy iteration algorithm based on the
diffusion-type PDE and FEM to obtain the final policy and
continuous approximate value function.

A. Value Function Approximation by Basis Functions

The value function plays a central role in the MDP. Be-
cause daunting computational requirements typically prevent
any direct value computation on continuous or large scale
states, value function approximation becomes necessary to
obtain an approximate solution. We approximate the value
function as the linear span of a finite set of basis functions
tφipsqu,

vπpsq “
n
ÿ

i“1

wπi φipsq, (4)

where wπi are weights under the policy π. Then the method-
ological focus shifts to tractable and efficient algorithms for
the weight computation as well as the policy improvement.
Basis functions appropriate for the robotic motion planning
will be specified within the following framework.

B. Diffusion-Type Approximation to Bellman Equation

Besides the difficulties in handling large scale continuous
states, a critical feature of the Bellman optimality equation
Eq. (3) is the requirement of being able to evaluate exact
transition probabilities to all the next states for all state-action
pairs. Such requirement is unrealistic in many applications.
Therefore, we seek an approximation to Eq. (3) that only
needs the minimum characteristics of transition probabilities.

We subtract vpsq from both sides of Eq. (3) and then take
Taylor expansions of the value function around s up to the
second order [6]:

0 “ max
aPApsq

!

Rps, aq ` γ
`

Earvps1q | ss ´ vpsq
˘

(5)

´ p1´ γq vpsq
)

« max
aPApsq

!

Rps, aq ` γ
´

pµasq
T∇vpsq ` 1

2
∇ ¨ σas∇vpsq

¯

´ p1´ γq vpsq
)

, (6)

where

µas “

ż

T ps, a; s1qps1 ´ sqds1, (7a)

σas “

ż

T ps, a; s1qps1 ´ sqps1 ´ sqT ds1. (7b)

The notation ¨ in Eq. (6) denotes the inner product. Here
we assume that vpsq is continuously differentiable up to the
second order. For most of motion planning problems where
location may be modeled as state, we have s “ rx, ysT ,
the operator ∇ ∆

“ rB{Bx, B{BysT , and ∇ ¨ σs∇
∆
“ σaxx

B
2

Bx2 `

2σayx
B
2

ByBx ` σ
a
yy

B
2

By2 .

Eq. (6) approximates the Bellman equation of the original
problem. As a result, the solution approximates the optimal
solution to the MDP. The benefit of such an approximation
is that it only uses the first and second moments of the tran-
sition probabilities (Eq. (7a)) rather than the full expression.

Under the optimal policy, Eq. (6) is a diffusion type partial
differential equation (PDE) with the optimal value function
as its solution. Similarly, given a policy, the solution to the
PDE from Eq. (6) is the associated value function. Because
the obtained value function from a given policy can be used
to improve the policy, it inspires us to derive a policy iteration
algorithm for the solution [6]:
‚ In the policy evaluation stage, we solve for a diffusion

type PDE with proper boundary conditions to obtain the
value function vpsq;

‚ In the policy improvement stage, we search for a policy
that maximizes the values of the right hand side of
Eq. (6) with vpsq obtained from the previous policy
evaluation stage.

The next section provides the PDE for the policy evaluation
stage.

C. Partial Differential Equation Representation

It is well known that the suitable boundary conditions must
be imposed in order to obtain the appropriate solution to a
PDE. We thus find such boundary conditions for the PDE
from Eq. (6) and provide the policy evaluation approach.

Since the value function does not have values outside
the motion planning workspace, the directional derivative of
the value function with respect to the unit normal vector at
the boundary of the planning workspace must be zero. In
addition, we constrain the value function at the goal state to
be a constant value to ensure that there is a unique solution.
Let S in the MDP formulation be the entire continuous spatial
planning region (called the domain), denote its boundary by
BS, and the goal state by sg . We also use n̂ to denote the
unit vector normal to BS pointing outward. Under the policy
π, we aim to solve the following diffusion type PDE:

´Rps, πpsqq “γ
´

pµπs q
T∇vpsq ` 1

2
∇ ¨ σπs∇vpsq

¯

´ p1´ γq vpsq,
(8)

with boundary conditions

σπs ∇vpsq ¨ n̂ “ 0, on BS (9a)
vpsgq “ vg, (9b)

where µπs and σπs indicate that µs and σs are obtained under
the policy π; vg is the value at the goal state. The condition
(9a) is a type of homogeneous Neumann condition, and
(9b) can be thought of as a Dirichlet condition [32]. We
assume that the solution to the above Eq. (8) with boundary
conditions (9) exists. Other conditions for a well-posed PDE
can be found in [32].

It is generally impossible to obtain closed-form solution
to Eq. (8). One must resort to certain numerical methods.
Next we will introduce a finite element method to construct



(a) Grids of States (b) Meshes (c) Meshes on a subset
of states

Fig. 2: Examples of triangular meshes with discrete states S1.

the solution. The method just happens to leverage the linear
approximation to the value function introduced in Section
IV-A, and perfectly serves our objectives.

D. A Finite Element Method

Given a policy, we use a finite element method, in par-
ticular, a Galerkin method, to compute the weights for the
linear value function approximation Eq. (4) through the PDE
Eq. (8) with boundary conditions Eq. (9), and thereby obtain
the value function approximation in the policy evaluation
step.

We will sketch the main ideas involved in finite element
methods, and refer the readers to literature [33], [34] for a
full account of the theory 1. The method consists of dividing
the domain S into a finite number of simple subdomains,
the finite elements, and then using a variational form (also
called weak form) of the differential equation to construct
the solution through the linear combination of basis functions
over elements [34].

The variational or weak form of the problem amounts to
multiplying the both sides of Eq. (8) by a test function ωpsq
with suitable properties, and using integration-by-parts and
the boundary condition Eq. (9) we have

´

ż

Rω ds “ γ

ż

pµπs q
T∇v ω ds´ γ

2

ż

σπs∇v ¨∇ω ds

´ p1´ γq

ż

v ω ds. (10)

Here the test function wpsq “ 0 on sg . It can be shown the
solution to this variational form is also the solution to the
original form.

Next, we partition the continuous domain S into suitable
discrete elements. Typically the mesh is constructed from
triangular elements, because they are general enough to
handle all kinds of domain geometry. Suppose that the
elements in our problem setting are pinned to a finite set
of discrete states S1 Ă S. For example, Fig. 2(a) shows a
continuous, square domain approximated by an 8ˆ 8 set of
discrete points S1 separated by a constant distance h, where h
stands for the resolution parameter and the dark dots are the
discrete states. Fig. 2(b) shows an example of triangular finite
elements, where each vertex of each element corresponds to
a state in S1.

1An example illustrating FEMs through a diffusion equation can also be
found in the appendix of our paper at http://arxiv.org/abs/1903.00948.

Algorithm 1 Policy Iteration with State-Continuity Approx-
imation and Finite Element Methods
Input: Transition function T , reward function R, discount

γ, continuous spatial states S, a finite subset S1 Ď S, and
goal state sg .

Output: Policy π and continuous value function vpsq.
1: Initialize π,@s P S, and set i “ 0.
2: repeat
3: Step 1. Finite Element Based Policy evaluation.
4: Compute µπs and σπs on the finite states S1 Ď S;
5: Obtain continuous value function vi by solving

Eq. (8) with boundary conditions Eq. (9) using
Finite Element Method described in Section IV-D;

6: Step 2. Policy improvement.
7: Update the policy π on S1 using the value function

vi according to the following equation:
πpsq “ argmaxaPApsq

!

Rps, aq`γ
´

µTs ∇vipsq` 1
2
∇¨

σs∇vipsq
¯

´ p1´ γq vipsq

8: Set i :“ i` 1.
9: until πpsq does not change for all s P S1

In addition to the linear approximation to the value func-
tion Eq. (4), we also represent the test function by a linear
combination of basis functions, i.e., ωpsq “

řn
i“1 ciφipsq.

We use the Lagrange interpolation polynomials as basis
functions for the test and value functions, constructed based
on nodes of the triangle elements. Substituting the approx-
imations of value and test functions into Eq. (10), we get
an equation for the weights ci and wi. Because coefficients
ci should be arbitrary, this along with condition (9b) leads
to a coupled system of linear algebraic equation of type
KW “ F . Each entry of the matrix K corresponds to
integrals over the product of derivatives of basis functions
on the right-hand side of Eq. (10). If we choose n number
of Lagrange interpolation polynomials, the K is of n ˆ n
size. F corresponds to the remaining integrals on the both
hand sides of Eq. (10). Solving this linear system gives the
estimates of wi, i.e., the approximate value function vpsq.

We make two notes here. First, we may choose a relatively
small number of state points to form S1 for the finite element
method. This is because the finite element method approxi-
mate the solution with high precision. Fig. 2(c) provides an
example of using a smaller number of larger elements, which
are pinned to fewer discrete states compared to Fig. 2(b).
The red dots are the selected states and red triangles are the
corresponding elements. We will demonstrate this point in
numerical examples in Section V. Second, different types
of applications and equations may require different mesh
designs.

E. Approximate Policy Iteration Algorithm

We summarize our approximate policy iteration algorithm
in Algorithm 1.

In the policy evaluation step, we apply the FEM to a subset
S1 Ă S. If the computational cost is a concern, we can further



(a) Classic Policy Itera-
tion

(b) Approximate policy
iteration

(c) Goal-oriented plan-
ner

(d) Classic Policy Itera-
tion

(e) Approximate policy
iteration

(f) Goal-oriented plan-
ner

(g) Classic Policy Itera-
tion

(h) Approximate policy
iteration

(i) Goal-oriented plan-
ner

Fig. 3: Trajectory comparisons of 10 trials under gyre distur-
bances. The top three figures demonstrate the paths under weak
gyre disturbances, where A “ 0.32. Standard deviations of the
disturbance velocity vector are set to σx “ σy “ 1km{h. The
middle row shows the paths under stronger and more uncertain
disturbances, where A “ 0.8 and σx “ σy “ 1.5km{h. The
last row demonstrates the paths with random obstacles (e.g., oil
platforms or islets) in the environment.

reduce the size of S1 by adjusting the resolution parameter
h used to create the subset S1 in the preceding section. Note
that the obtained value function is continuous on the entire
planning region. Therefore, it is possible to evaluate policy
π on the whole state space S.

V. EXPERIMENTS

In this section, we present experimental results for au-
tonomous vehicle planning with an objective of minimizing
time cost to a designated goal position under uncertain ocean
disturbances. Although we focus on marine vehicles in the
experiment, our method is general enough to other types
of robots that suffer from environmental disturbances. For
example, our approach can be directly applied to plan an
energy-efficient path for aerial vehicles under the wind dis-
turbances, where the MDP is a typical modeling method [3].

Our method is implemented using the FEniCS pack-
age [35] a widely used FEM library. Throughout the ex-
periments, we use first-order Lagrange polynomials as the
basis functions. We compare the proposed approach with
two other baseline methods. The first one is the classic MDP

policy iteration (classic PI), which tessellates the continuous
state space into grids, and the value function is represented
by a look-up table [9]. This approach requires knowledge
of the transition function of the MDP. The second one is a
goal-oriented planner which maintains the maximum vehicle
speed and always keeps the vehicle heading angle towards
the goal direction. The latter method has been widely used
in navigating underwater vehicles due to its “effective but
lightweight" properties [36]. We measure the performance
in terms of the time cost of the trajectories.
A. Evaluation with Gyre Model

1) Experimental Setup: We first consider the task of
navigating an autonomous underwater vehicle (AUV) to
a designated goal area subject to currents from a wind-
driven ocean gyre. The gyre model is commonly used in
analyzing flow patterns in large scale recirculation regions
in the ocean [37]. In this experiment, the dimension of the
ocean surface is set to 20kmˆ 20km. Similar to [38], [12],
we use a velocity vector field vdpsq “ rvdxpsq, v

d
ypsqs

T to
represent the gyre disturbance at each location of the 2-D
ocean surface. Its velocity components are given by vdxpsq “
´πA sin pπ xe q cos pπ ye q and vdypsq “ πA cos pπ xe q sin pπ ye q
respectively, where s “ rx, ysT is the location, A denotes
the strength of the current, and e determines the size of the
gyres.

Due to estimation uncertainties [39], the resulting vdx and
vdy do not accurately reflect the actual dynamics of the
ocean disturbance. For effective and accurate planning, these
uncertainties need to be considered, and they are modeled as
additive environmental noises. To reduce the complexities on
modeling and computing, we adopt the existing approxima-
tion methods [12], [10], [11] and assume the noise along
two dimensions vdx and vdy follows independent Gaussian
distributions ṽdpsq “ vdpsq`wpsq, where ṽdpsq denotes the
velocity vector at position s after introducing the uncertainty
and wpsq is the noise. The components of the noise vector
are given by

wxpsq „ N p0, σ2
xpsqq, wypsq „ N p0, σ2

ypsqq, (11)

where N p¨, ¨q denotes Gaussian distribution, and σ2
x and σ2

y

are the noise variance for each component, respectively.
The state is defined as the position of the AUV, i.e.,

s P S Ď R2. The actions are defined by the vehicle moving at
its maximum speed (determined by the vehicle’s capability)
vmax “ 3km{h towards Q “ 8 desired heading directions
in the fixed world frame A “ tai|i P t1 . . . Quu, where ai “
rvmax cosp 2πi

Q q, vmax sinp 2πi
Q qs

T describes the velocity vec-
tor of the vehicle. The vehicle’s motion is affected by both
the vehicle’s action and the uncertain external disturbance.
Thus, the next state s1 of the vehicle starting at state s after
following the desired action a for a fixed time interval dt is
given by s1 “ pa` ṽdpsqqdt. Since the velocity vector of the
ocean current is perturbed by the additive Gaussian noise,
the next state is a random variable, and the corresponding
transition probability is given by

T ps, a; s1q “ N pµpsq, diagrσ2
xdt

2, σ2
ydt

2sq, (12)



(a) (b)
Fig. 4: The time costs and trajectory lengths yielded by the three
methods with different disturbance strengths. These results are
averaged over 10 trials.

A “ 0.0 PI (400 states) h “ 0.5km h “ 1km h “ 2km
Time cost 8.3˘ 0.1 8.23˘ 0.16 8.37˘ 0.3 8.36˘ 0.1
Traj. len. 22.27˘ 0.3 22.03˘ 0.5 22.45˘ 0.2 22.46˘ 0.2

A “ 0.16
Time cost 8.09˘ 0.1 7.9˘ 0.16 7.91˘ 0.08 8.09˘ 0.12
Traj. len. 21.96˘ 0.7 21.8˘ 0.14 21.71˘ 1.6 23.58˘ 0.5

A “ 0.32
Time cost 7.72˘ 0.4 7.52˘ 0.11 7.58˘ 0.3 7.64˘ 0.29
Traj. len. 25.71˘ 1.1 22.34˘ 0.86 22.85˘ 1.6 23.85˘ 1.1

A “ 0.48
Time costs 6.87˘ 0.4 6.51˘ 0.1 6.8˘ 0.4 7.6˘ 0.1
Traj. len. 25.31˘ 1.1 23.92˘ 1.1 24.34˘ 0.8 24.43˘ 1.1

A “ 0.75
Time costs 6.85˘ 0.4 6.6˘ 0.5 6.5˘ 0.4 6.82˘ 0.12
Traj. len. 25.21˘ 1.6 24.5˘ 0.86 24.34˘ 1.1 24.53˘ 1.8

A “ 1.0
Time costs 6.55˘ 0.21 6.08˘ 0.12 6.25˘ 0.1 6.51˘ 0.16
Traj. len. 26.00˘ 1.2 25.74˘ 1.03 25.29˘ 1.0 24.00˘ 1.8

TABLE I: Time and trajectory costs averaged over 10 trials with
different ocean current strengths A. The statistics of classic policy
iteration (PI) and our method with different resolution parameters
h are shown in each column. The best performing statistics are
highlighted with a bold font.

where µpsq “ s` pa` vdpsqqdt. We have assumed that the
ocean disturbances are constant near the current state s, and
executing the action will not carry the vehicle too far away
from the current state. To satisfy this assumption, we set
the action execution time to a relatively small duration dt “
0.1h. The reward is one when the current state is the goal
state, and zero otherwise. Because we are interested in
minimizing the travel time, we set the reward discount factor
as γ “ 0.9. Also, we set goal and obstacle areas to be
1km ˆ 1km regions, and the states within these areas are
absorbing states, i.e., the vehicle cannot transit to any other
states if the current state is within these areas. Thus, the
boundary conditions within the goal and obstacle areas have
values of 1

1´γ “ 10 and 0
1´γ “ 0, respectively.

To model the transition function of the classic MDP
planner, we follow the approach commonly used in AUV
planning literature [40]. Specifically, each state s is rep-
resented by a regular grid, and the next state transition
probabilities are only assigned to its 8-connected neighbors
based on Eq. (12).

(a) (b)

(c) (d)

(e) (f)

Fig. 5: Value functions (values are in log scale) calculated from
PI on the left and approximate policy iteration on the right. The
environment parameters and settings are the same as for Fig. 3.

2) Trajectories and Time Costs: We present the perfor-
mance evaluations in terms of trajectories and time costs.
For the classic MDP planner (classic PI), we use 20 ˆ 20
grids, and each cell has a dimension of 1km ˆ 1km. To
make a fair comparison, we use 20ˆ 20 state points for our
method (approximate PI), and the corresponding resolution
parameter is h “ 1km. We set s “ 10 which generates four
gyre areas. To simulate the uncertainty of estimations during
each experimental trial, we sample Gaussian noises from
Eq. (11) and add them to the calculated velocity components
of the gyre model.

We examine the trajectories of different methods under
weak and strong disturbances in Fig. 3. We run each method
for 10 times. The colored curves represent accumulated
trajectories of multiple trials. For the weak disturbance,
parameter A is set to 0.32 and the standard deviation of the
noise is set to 1km{h . The resulting maximum ocean current
velocity is around 1km{h, which is smaller than the vehicle’s
maximum velocity of 3km{h. In this case, the vehicle has
the capability of going forward against ocean currents. In
contrast, the strong ocean current has a maximum velocity of
2.5km{h, which is similar to the maximum vehicle velocity.
By comparing the first and second rows of Fig. 3, we can
easily observe that under weak ocean disturbances, the three



(a) (b) (c)
Fig. 6: Trajectories from the three methods using ocean data. (a) Classic policy iteration; (b) Approximate policy iteration; (c) Goal-
oriented planner.

methods produce trajectories that converge on the target and
look similar. This is because the weak disturbance results
in smaller vehicle motion uncertainty. The goal-oriented
planner has the shortest travel distance, but its travel time is
the highest (Fig. 3(c) and Fig. 4) under the weak disturbance.
On the other hand, the MDP policies can leverage the fact
that moving in the same direction as the ocean current
allows the vehicle to obtain a faster net speed and thus
results in a shorter time to the goal. Specifically, with strong
disturbances, instead of taking a more direct path towards the
goal position, the MDP policies take a longer path but with a
faster speed by following the direction of the ocean currents.
In contrast, the goal-oriented planner is not able to reach
the goal subject to the strong disturbance within the time
budget (9h). Planning subject to the appearance of obstacles
is shown in the last row of Fig. 3. We can observe that,
among the three methods, only ours successfully navigates
to the goal area with respect to the strong ocean currents. Our
method attempts to minimize the travel time while avoiding
possible collision. It first travels against the current to find
a safe region and then follows the ocean current to advance
to the goal area.

We further quantitatively evaluate the averaged time costs
and trajectory lengths of the three methods subject to differ-
ent disturbance strengths with fixed σx “ σy “ 1km{h,
as illustrated in Fig. 4. The overall performance for the
proposed approximate policy iteration is consistently better
than the other two methods in terms of the time costs. The
goal-oriented planner yields a slightly better result when
no disturbance is present (A “ 0). However, whenever
noticeable disturbance is present, its performance degrades
dramatically. In addition, it halts before arriving at the goal
because it exceeds the given time budget (9h with A ě 0.8).

The superior performance of our method can also be
explained in the value function plots shown in Fig. 5. The
classic MDP planner produces a discrete value function, i.e.,
the state-values are the same within each 1km ˆ 1km cell.
The resulting policy outputs the same actions regardless of
the position of the vehicle within each grid cell. In contrast,
the proposed method outputs a continuous value function,
which varies smoothly across continuous space, directly. It

can better characterize the actual optimal continuous value
function. Thus, the resulting policy is more flexible and more
diverse, which can lead to more intelligent behavior.

Finally, we perform detailed comparisons of approximate
policy iteration using three different resolution parameters
h in Table I. When the resolution is set to h “ m, a
number of p 20

m q
2 evenly-spaced state points are generated.

In general, increasing the number of state points leads to
better performance. We also observe that the gain between
h “ 0.5km and h “ 1.0km is less than that between
h “ 1.0km and h “ 2.0km. This implies that when the
solution is close to the optimal, the gain in the performance
by a finer discretization becomes small. By comparing with
the classic PI planner, it can be seen that the performance
of our method is only marginally affected after halving the
resolution and remains a good performance equivalent or
superior to the classic PI planner.

B. Evaluation with Ocean Data

In addition to the gyre model, we also used Regional
Ocean Model System (ROMS) [41] data to evaluate our
approach. The dataset provides ocean current forecasts in
the Southern California Bight region. Since ROMS only
provides the ocean currents statistics at discrete locations,
it cannot be directly used to evaluate the algorithms. To
address this problem, we use Gaussian Process Regression
(GPR) to interpolate ocean currents at every location on the
2-D ocean surface, from a single time snapshot. We used
h “ 2km in our method when approximating the value
function. For the classic MDP planner, the environment was
discretized into 28ˆ 28 grids and each cell has a dimension
of 2kmˆ 2km. Fig. 6 shows the trajectories generated with
the three methods. Note that the maximum speed of the
ocean currents from this dataset is around 3km{h, which
is similar to the vehicle’s maximum linear speed. We can
see that trajectories from approximate policy iteration are
smoother (shorter distance and time costs) than those from
the classic policy iteration approach.

VI. CONCLUSIONS

In this paper, we propose a solution to solving the
autonomous vehicle planning problem using a continuous



approximate value function for the infinite horizon MDP and
using finite element methods as key tools. Our method leads
to an accurate and continuous form of the value function
even if we only use a smaller number of discrete states and
if only the first and second moments of the model transition
probability are available. We achieve this by leveraging a
Taylor expansion of the Bellman equation to obtain a value
function approximated by a diffusion-type partial differential
equation, which can be naturally solved using finite element
methods. Extensive simulations and evaluations have demon-
strated advantages of our methods for providing continuous
value functions, and for better path results in terms of path
smoothness, travel distance and time costs.
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