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Abstract— Light Detection and Ranging (LiDAR) is widely
employed in mobile robots to acquire environmental informa-
tion. However, it has a limited laser irradiation direction and
cannot measure the backside of an object. In this study, a
method that expands the LiDAR measurement range to various
directions using a mirror installed on the manipulator mounted
on mobile robots is developed. As mirrors can easily be mounted
on robots, this method is expected to have a wide range of
applications. This paper also proposes a method for determining
the mirror position and attitude to expand the measurement
area to obtain target data. In addition, we conducted an
accuracy evaluation test of the reflection acquisition point.
Using the proposed method, we demonstrate the measurement
of the shape of descending staircase as an example of a potential
application.

I. INTRODUCTION

Recently, demand for automation of plant inspection by
employing robot technology has increased [1]. The necessity
of reducing labor and ensuring safety is the reason for this
increasing demand. In particular, companies with offshore
platforms aim to employ mobile robots for autonomous
inspection to avoid the burden on workers and the high cost
of labor. Such robots need to generate environment map and
estimate their own positions during autonomous driving. For
these purposes, Light Detection and Ranging (LiDAR) is
widely used. In particular, an omnidirectional 3D LiDAR
instrument can acquire a 3D point cloud of the surrounding
environment. This is significantly useful information that
enables autonomous navigation of mobile robots.

In such mobile robots, a LiDAR instrument is typically
installed at a position where the surrounding environment
information can be acquired to the maximum possible extent,
such as at the top of the robot body. Therefore, there are
risks such as collision with obstacles and falling downstairs.
To address this problem, moving the LiDAR instrument and
mounting another sensor for short-range measurement have
been proposed [2] [3]. However, these changes cannot be
applied to robots that cannot incorporate additional moving
parts or sensors. To solve this problem, we installed a mirror
in an unused area of the LiDAR instrument, thereby expand-
ing the measurement range in front of the robot, rather than
installing additional moving parts and sensors [4]. However,
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Fig. 1. Mobile robot Quince
equipped with a lightweight ma-
nipulator

Fig. 2. LiDAR used in this
study. By emitting multiple lasers
in the vertical direction and rotat-
ing them around the central axis,
omnidirectional point clouds can
be obtained.

only the measurement range for a region determined in
advance can be extended using a fixed mirror. Therefore,
it was not possible to measure undetermined areas.

However, a few mobile robots have a manipulator mounted
on the upper part of the body to perform complicated tasks.
Figure 1 shows the mobile robot Quince with a small
manipulator developed by our research group. By using
the manipulator, the position and orientation of the gripper
mounted on the tip to grip objects that are close to the
robot can be controlled. In addition, by installing tools
such as grippers on the manipulator as well as observation
equipment such as cameras and LiDAR, the measurement
range of these observation instrument can be expanded
[5] [6]. In this study, we focused on combining a manipulator,
an observation equipment, and a mirror. Specifically, we
propose a method for reflecting the laser emitted from the
LiDAR instrument mounted on the robot, using a mirror
installed on the manipulator. By installing a mirror at the
base of the end effector, the measurement range can be
expanded to various directions. This method involves lower
installation costs and is less affected by the wiring and size
of a LiDAR instrument compared to the method in which a
LiDAR instrument is added to the manipulator. Therefore, it
can be easily introduced into existing robots equipped with
LiDAR instrument and manipulators in the main body.

In this study, a method for determining the position and
orientation of the mirror with respect to the area to be
measured was developed. In addition, an accuracy evaluation
test to verify the effectiveness of the proposed determination
method was conducted. Finally, this method was used to
measure the shape of a descending staircase as an example
application.
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II. PROPOSAL OF MIRROR POSITION/POSTURE
DETERMINATION METHOD

This method can extend the LiDAR measurement range to
various directions. However, the position and orientation of
the mirror reflecting the laser to the area to be extended
are not always uniquely determined. In this section, we
propose a cost function to determine the mirror position and
orientation.

A. Cost function for determining mirror position and orien-
tation

There are several cost functions for uniquely determining
mirror position and orientation; however, they can be broadly
classified into the following two types: cost functions based
on manipulators and cost functions based on points acquired
from a LiDAR. Manipulability, which was proposed by
Yoshikawa, can be considered as a cost function based on
the manipulator [7]. Manipulability is an index related to
the operability of the manipulator. Moreover, it indicates the
movability of the end-effector and is a type of distance from
the singular configuration. When a series of poses is required
for one task, such as grasping an object, a manipulator-
based cost function should be used. However, in the proposed
method, when measuring the 3D shape of an object, multiple
mirror poses are assumed to be combined discontinuously.
Therefore, in this study, we employed a cost function based
on the points acquired from LiDAR.

For the cost function based on the acquired point cloud
from LiDAR, parameters such as the size of the area where
the acquired point cloud extends and the density of the
acquired cloud point can be considered. Among them, we
specially focus on the position accuracy of the acquired point
cloud. In this study, we used a manipulator mounted on
a mobile robot, as shown in Figure 1. As the manipulator
is mounted on a mobile robot, it should be lighter than
a normal manipulator. Thus, it has low rigidity and is
prone to errors in the position and orientation of the end-
effector. However, as shown in Figure 3, a plane-symmetric
transformation using the mirror surface information needs to
be applied to the position acquired by the laser reflected on
the mirror. If the mirror information used in the calculation
contains an error, the position obtained by the reflected
laser cannot be converted to one that the reflected laser has
actually reached. If the mirror is fixed, these errors can be
eliminated through calibration in advance. However, with
this method, it is difficult to perform calibration because
the position and orientation of the mirror surface change
depending on the target are to be expanded. Therefore, in this
method, the position accuracy of the acquired point cloud is
adopted as the cost function to determine mirror position and
orientation.

B. Definition and calculation of the cost function

In this section, we define and calculate the cost function
determined in the previous section. The cost function is the
positional accuracy of the acquired point cloud, i.e., the
position error of the acquired point cloud at a certain mirror

Fig. 3. Acquisition error vector generated when transforming the acquired
points from LiDAR using the mirror information containing errors ∆r．

surface. Let R be the arrival point of the laser reflected in
the mirror and R’ be the arrival point of the laser calculated
on the mirror surface including the error. In this case, the
position error of the acquisition point, which is a cost
function, can be expressed as the magnitude of the vector
connecting these two points. Assuming this vector to be ∆r ,
we define it as the cost function by the following equation.

|∆r | = |
−−−→
OR′ − −−→

OR| (1)

Next, we explain how to calculate the cost function. As
explained in the previous section, a laser point reflected
in a mirror surface can be obtained by using the mirror
information and transforming it. As shown in Figure 3, we
assume P to be the laser arrival point detected by LiDAR. In
addition, let n be the normal vector of the mirror surface, and
q be the position vector of the mirror surface. Furthermore,
we assume n

′
and q

′
to be the position vector and the normal

vector of the mirror surface including the error respectively.
At this time, the vector

−−→
OR from the point O of the laser

to the point R of the laser reflected by the mirror can be
expressed by Equation 2.

−−→
OR =

−−→
OP + 2|n · (−−→OP − q)|n (2)

In the same way, the vector
−−−→
OR′ from the laser ejection point

O to the laser arrival point R’, calculated with the mirror
surface including the error, can be expressed by equation 3.

−−−→
OR′ =

−−→
OP + 2|n′ · (−−→OP − q

′)|n′
(3)

As the mirror is fixed on the manipulator, these errors
can be calculated by the attitude estimation error of the
manipulator. Several previous studies have determined the
magnitude of the error that occurs in the end-effector for a
certain manipulator posture [8] [9]. However, in the present
study, we decided to use the method proposed by Wu [10].
Wu proposed a method for calculating the kinematic error
of a link when the error was set for each of the DH link
parameters. Using this method, it is possible to calculate an
error occurring on a mirror surface in a certain manipulator
posture. From the above, the acquisition point error |∆r |,
which is the cost function, can be calculated using Equations
(1), (2), and (3), and the errors can be calculated by the
method proposed by Wu.

III. MANIPULATOR ATTITUDE CALCULATION METHOD

Using the cost function defined in section II, the position
and orientation of the mirror surface for the target can



be determined. In other words, the manipulator attitude
can be uniquely determined. In the proposed method, the
measurement targets are not only the measurement range and
the angle of laser entry into the measurement range, but also
tolerances. We can define the target position as the center
position of the expanded measurement range and the target
angle as the angle at which the laser enters the target position.
Furthermore, we assume these tolerances be the position
tolerance and angle tolerance, respectively. By allowing for
tolerances in the measurement target, the optimal posture
can be selected from among multiple manipulator postures
that measure the target. On the other hand, the presence of
many attitudes that measurement the target is problematic
because it significantly increases the computation time of
the cost function. In order to apply this method in various
environments, it is desirable that the attitude of the manip-
ulator with respect to the target is calculated in real time.
To calculate it, examining the convexity of the cost function
might be optimized. However, it is very difficult to examine
the convexity of the cost function because the target position
and target angle change. In this section, we propose a method
to compute the solution in real time by limiting the positional
posture of the cost function calculation for the measurement
target, thereby reducing the computational time.

A. Determination of mirror position and orientation

The process of determining the mirror position and orien-
tation with respect to the measurement target can be divided
into the following three stages:

• setting measurement targets
• limiting the position and posture of the mirror surface

to calculate the cost function
• computing the cost function

In the first stage, we set the target position and target
angle, and their respective errors. In the second stage, the
computational cost is lowered by reducing the number of
computations of the cost function. In the third stage, we com-
pute the cost function as defined in section II and uniquely
determine the mirror position posture. In this section, we
describe the second stage in detail. Note that the LiDAR
used is assumed to be capable of emitting multiple lasers
in the vertical direction and rotating them around an axis to
acquire the surrounding 3D point cloud, as shown in Figure
2.

B. Limiting the position and orientation of the mirror surface
to compute the cost function

In the second stage, we limit the position and posture
of the mirror surface on which we compute the cost func-
tion. We defined this mirror surface that calculate the cost
function as the mirror surface candidate. This stage allows a
significant reduction in computational costs and allows the
proposed method to be used in real time.

First, the laser that enters the target position at the target
angles is termed as the target laser. We chose a laser that
reflects at the center of the mirror surface from among many
other reflective lasers because it is least likely to deviate

from the mirror surface when the mirror position deviates
from the target. A laser approaching the target position at a
target angle is called a target approach laser.

When the targets are set, the mirror surface candidate
satisfies the following two conditions, which are called the
mirror candidate conditions:

• The minimum distance between the target laser and the
target point is within the position tolerance (hereinafter
referred to as the position condition)

• The angle between the target laser and target angles is
within the angle tolerance (hereinafter referred to as the
attitude condition)

The target lasers of all mirror surface candidates satisfy
these conditions. Thus, the computational complexity can be
reduced by computing the cost function only on the mirror
surface candidates. When narrowing down the candidate
mirror surfaces, we restrict the positions that become mirror
surface candidates, and then select the postures that become
the candidates at those positions. In this way, it is no longer
necessary to calculate the mirror candidate conditions at all
points of the calculation. In section III-B.1, we explain in
detail how to limit the positions of mirror surface candidate,
and in section III-B.2, we explain in detail how to select the
orientation of mirror surface candidate.

1) Restricting positions that can be mirror surface candi-
dates: First, we propose a method that limits the position
where the mirror candidate condition is calculated. The
position that can be the mirror candidate is hereinafter
referred to as the calculation point. The calculation points
satisfy the following two conditions:

• There is at least one mirror attitude that satisfies the
mirror candidate conditions.

• The laser emitted from the LiDAR instrument reaches
the mirror center.

First, a region where a position satisfying the first condition
may exist is shown in Figure 4. The sphere in the figure
represents the range from the target position T to the position
tolerance ep . To satisfy the first condition, the target laser
must be in contact with this sphere at one point, at least,
within the range satisfying the angle tolerance ea Therefore,
the position x that satisfies this condition exists inside the
cone that inscribes the sphere and whose central axis is
the target laser. When lt is a unit vector representing the
target approach angle, the first condition can be expressed
as Equation 4.

c · (x − −−→
OT + ep

sin ea lt )
| ep
tan ea |

≤ cos ea (4)

The second condition is that a certain point x exists on the
curved surface traced by the laser emitted from the LiDAR
instrument (hereinafter referred to as the laser surface). As
the LiDAR instrument emits the laser discretely, as shown
in Figure 2, only the position that the laser can reach is
treated as a calculation point. The existence of point x on
the laser surface is equivalent to that of point x, as the points
are within tolerance dl from the laser surface. Therefore,



Fig. 4. Position where at least one mirror posture satisfying the mirror
surface candidate condition exists in the cone.

assuming b to be a unit vector from point x to the foot
of the perpendicular traced down to the laser surface, the
following equation holds:

dl ≧ |−−→OA − (b · −−→OA)b | (5)

The position that meets the second condition satisfies Equa-
tion (5) for at least one of the multiple laser surfaces.

From the above, the position that satisfies Equations 4 and
5 can be a mirror surface candidate.

2) Restricting orientations that can be mirror surface
candidates: Next, we explain how to select a posture as a
mirror surface candidate from among the calculation points.
As in section III-B.1, we selected an orientation from among
the calculation points using the mirror candidate condition.

The mirror normal vector n that realizes a certain reflected
laser can be expressed as shown in Equation (6), where le is
the incident laser vector, and lr is the reflected laser vector.

n = −le + sin θ(cos 2θ le + lr ) (6)

Here, θ is the angle of incidence and reflection on the
mirror surface of the laser, which is represented by 2θ =
cos−1 (−le · lr ). Using Equation (6), the range of the mirror
orientation that satisfies the angle and position conditions is
determined.

First, we derive the range of the posture that satisfies the
attitude condition. According to the attitude condition, the
angle between the target laser and the vector representing the
target angles is within the angle tolerance. In other words, the
target laser that satisfies the attitude condition traces a cone
with the calculation point at the vertex V, vector representing
the target angles at the center axis, and angle tolerance at
the apex angle, as shown in Figure 5. Assuming that nt A is
the mirror normal vector when the angle of the target laser
is equivalent to the target angles, nt A can be expressed as
equation (7).

nt A =

− le + sin
{

cos−1 (−le · lt )
2

}
{(−le · lt ) le + lt }

(7)

Therefore, assuming n as the mirror normal vector and ea
as the angle tolerance between n and nt A, the range of n

Fig. 5. Target laser that satisfies
the attitude condition traces a cone
with the calculation point at the
vertex, vector representing the tar-
get angles at the center axis, and
angle tolerance at the apex angle.

Fig. 6. Target laser traces a
cone whose vertex is the calcu-
lation point. The cone inscribes a
sphere whose center is the target
point and radius is the position
tolerance.

that satisfies Equation (8) becomes the range of posture that
satisfies the attitude condition.

ea ≧ cos−1
(
n

|n | ·
nt A
|nt A |

)
(8)

Next, we derive the range of the posture that satisfies the
position condition. According to the position condition, the
minimum distance between the target laser and the target
point is within the position tolerance. Thus, the target laser
traces a cone whose vertex is the calculation point, as shown
in Figure 6. Note that the cone inscribes a sphere whose
center is the target point and radius is the position tolerance.
The central axis vector lp and apical angle ap of this cone
can be described as in Equation (9), with the calculation
point V as the vertex.

lp =
−−→
VT

|−−→VT |
ap = sin−1

(
ep

|−−→VT |

)
(9)

Using Equations (6) and (9), similar to the attitude condi-
tion, the mirror normal vector ntP satisfying the position
condition can be expressed as

ntP =

− le + sin

{
cos−1 (−le · lp )

2

} {(
−le · lp

)
le + lp

} (10)

Thus, when the mirror normal vector n satisfies the position
condition, Equation (11), which indicates that the angle
between n and ntP is within the allowable error ap , holds.

ap ≧ cos−1
(
n

|n | ·
ntP
|ntP |

)
(11)

From the above, the orientation satisfying Equation (8)
and (11) among the calculation points is a mirror surface
candidate.

IV. VERIFICATION TEST

A test was performed to verify the effectiveness of the pro-
posed mirror position and orientation determination method.



Fig. 7. Test environment．The reference coordinates were set so that the
first joint axis of the manipulator coincides with the z-axis. The mirror was
installed at the base of the end effector of the manipulator.

A. Test method

Figure 7 depicts the test environment. The mirror was
installed at the base of the end effector of the manipulator,
as shown in Figure 7. A lightweight manipulator Gestalt
mounted on a mobile robot was used. Gestalt is a manipulator
with six degrees of freedom and a maximum length of
1.45 m. In this test, only the errors of each joint angle were
considered as the DH parameter error between each link of
the manipulator, when calculating the acquisition point error.
The error of each joint angle was defined as the backlash
angle of the motor used in the experiment. VLP-16, which
is manufactured by Velodyne Lidar, was used as the LiDAR
instrument. Its primary specifications are listed in Table I.

The test procedure was as follows:
1) The targets and tolerances are set.
2) The following two postures are calculated for the target

using the proposed method and are set as the target
postures.

• minimum posture: a posture that minimizes the

TABLE I
SPECIFICATION OF VELODYNE VLP-16

Specification Value
Number of lasers 16

Detection area (Horizontal) 360◦, (Vertical) ±15◦
Measurement error ±3 cm (1 σ at 25 m)
Installation height 310 mm

TABLE II
TEST CONDITIONS

Conditions Value
Position tolerance (m) 0.02
Angle tolerance (◦) 5.0

Posture search point interval (m) 0.025
Attitude search unit angle (◦) 1.0

cost function
• maximum posture: a posture that maximizes the

cost function
3) The manipulator is set to the base position shown in

Figure 7.
4) The manipulator is set to the target posture and the

reflection area is measured manually.
5) A reflector is placed as a landmark at a position where

the reflected laser is expected to reach the ground.
6) Manually measure the position of the reflector.
7) Steps 3 and 4 are repeated three times for each target.

Based on the position of the reflector measured with the
abovementioned procedure and the manually measured po-
sition, the acquisition error in each posture was calculated.
Furthermore, the effectiveness of the proposed method was
verified by comparing the acquired point errors calculated for
the same target with the minimum and maximum postures.

B. Test conditions

Table II lists the tolerances and parameters for the ma-
nipulator posture search used in this experiment. Moreover,
the target position and target angles relative to the reference
coordinate system shown in Figure 7 were set under the
following conditions.

• Fixed target angles: The target angles (θp, θy) were fixed
at 0◦, and the target position was set as follows:
▷ x = 600 mm, 800 mm
▷ y = −300 mm, 0 mm, 300 mm
▷ z = −136 mm

• Fixed target position: The target position (x, y, z) was
fixed to (800 mm, 0 mm,−136 mm), and the target angles
were set as follows:
▷ θp = 20◦
▷ θy = 0◦,±45◦,±90◦

C. Results and discussion

Tables III and IV present the average values of the
acquisition errors measured under each condition. In the
tables, ”minimum” represents the value for the minimum
posture, and ”maximum” represents the value for the maxi-
mum posture. The means and standard deviations (σ) of the
acquisition errors for the two postures under all conditions
are as follows:

• minimum posture
▷ Average error: 30mm
▷ σ: 13mm

• maximum posture
▷ Average error: 50mm
▷ σ: 25mm

These results indicate that the minimum attitude determined
with the proposed method has a smaller acquisition error,
regardless of the target position and target angle. However,
the value obtained by multiplying σ with three and then
adding the result to the average value is 70 mm for the case
with minimum posture. This value is larger than that obtained



with the conventional LiDAR measurement. This is attributed
to the errors in setting the LiDAR instrument and landmarks
and the errors in the position and orientation of the end-
effector due to low manipulator rigidity. Therefore, when
acquiring mirror surface information, besides estimating the
mirror surface posture from each joint angle of the manip-
ulator, it may be necessary to estimate the mirror surface
using multiple methods.

V. POTENTIAL APPLICATION OF THE PROPOSAL MECHOD

When a tracked vehicle inspects a plant, it will find
traversing stairs particularly difficult. It is difficult to climb
stairs because, in the case of a standard LiDAR placement,
environmental information cannot be obtained for short-
range distances. Therefore, when the tracked vehicle au-
tonomously climbs down the stairs, the stair shape is acquired
using other sensors or by measuring the stairs in advance.
However, by employing the proposed method, the robot can
measure the shape of the stairs in the downward direction,
using the LiDAR instrument installed in the usual position.
In this section, we demonstrate the measurement of the
shape of a descending staircase as an example of a potential
application of the proposed method.

A. Acquiring 3D shapes in a wide range

The number of lasers that can be reflected at once by
this method is small, because the mirror is not very large
and is far from the LiDAR instrument. Hence, when ac-
quiring the 3D shape of the object, we used an approach
in which measuring the point clouds reflected from multiple
mirror positions and orientations were measured. In this test,
multiple target positions and target angles were set near the
descending stairs. Thereafter, for each measurement target,
the mirror position and orientation were obtained using
the proposed mirror position and orientation determination
method. Finally, the point cloud around the measurement
target point was acquired by moving the mirror surface
around each mirror position and orientation.

B. Test method

Figure 8 illustrates the test environment. The manipulator
and LiDAR instrument used in this experiment were the

TABLE III
AVERAGE VALUES OF THE ACQUISITION ERRORS FOR EACH TARGET

POSITION FOR FIXED TARGET ANGLES.

x (m) 0.6 0.8
y (m) -0.3 0.0 0.3 -0.3 0.0 0.3

minimum (m) 0.056 0.02 0.028 0.041 0.015 0.027
maximum (m) 0.067 0.023 0.031 0.104 0.025 0.033

TABLE IV
AVERAGE VALUES OF ACQUISITION ERROR FOR EACH TARGET ANGLE

FOR FIXED TARGET POSITIONS.

θp (◦) 20
θy (◦) -90 -45 0 45 90

minimum (m) 34 29 19 10 42
maximum (m) 59 70 51 41 46

Fig. 8. Test environment for measuring the descending staircase. It is not
possible to measure the shape of a descending staircase at the usual LiDAR
instrument location.

(a) View 1 (b) View 2

Fig. 9. Visualization of the points obtained using the mirror when
measuring the shape of the descending stairs using the proposed method.

same as those mentioned in section IV. A total of nine
measurement targets were set near the descending stairs, and
we attempted to acquire the 3D shape of the stairs.

C. Measurement results and discussion

Figure 9 depicts the visualization result of the point cloud
acquired using the mirror obtained in this test, after the
removal of noise. For noise removal, we employed the
StatisticalOutlierRemoval filter of the Point Cloud Library
[11]. Views 1 and 2 were generated from the same data
but different angles of view. Without the mirror system,
almost all of the data in these figures vanishes, and it is
impossible to obtain information about the stairs. The results
indicate that the proposed method can measure the shape
of the descending stairs, which cannot be measured using
conventional methods. However, as the distance from the
LiDAR instrument increases, the measured shape becomes
distorted. In particular, the sidewall, which is expected to be
a plane, is significantly distorted, as shown in Figure 9. This
is attributed to the fact that the mirror surface information
estimated from each joint angle of the manipulator and the
actual mirror surface information are displaced. To obtain
the stair information required for autonomous motion over



stairs, information that is more empirically accurate than the
point cloud information obtained in this test is required. This
indicates that it is necessary to consider more accurate mir-
ror surface information acquisition method and implement
measures such as distortion correction of the acquired point
cloud.

VI. CONCLUSION

In this paper, we propose a method for expanding the
measurement range of LiDAR by installing a mirror on a
manipulator. We also propose a method and an index for
determining the mirror position and orientation to expand the
target measurement area. Moreover, a method for calculating
the mirror position and orientation in real time is also
described. Verification tests were conducted to confirm the
effectiveness of the proposed cost function and the decision
method. The results of the test revealed that the mirror
conditions derived using the proposed decision method could
be used to acquire a point cloud with a smaller acquisition
error, as compared to other mirror conditions. Furthermore,
as an example of an application in a real environment, a test
was performed to acquire information about the shape of
descending staircase. The results revealed that a point cloud
representing a step could be acquired by merging the results
obtained from multiple mirror positions and orientations.
However, distortion occurred in the part where the acquisi-
tion error was large. Therefore, it is necessary to improve
the mirror surface information acquisition method and to
correct distortion of the acquired point cloud for practical
applications. Future studies should focus on measuring a 3D
shape with less distortion by acquiring mirror information
with multiple methods and using a real environment.
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