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Abstract— A perennial challenge when rendering a virtual
surface with an impedance-type haptic interface is making the
surface feel hard without destroying its realism, since simply
increasing its stiffness can lead to instability. One way to
increase the perceived hardness without increasing stiffness is
to implement a braking pulse or other high-frequency haptic
contact event. Traditionally, such events are implemented as
a force along the surface normal, which may leave some of
the actuators of the haptic device underutilized. We propose a
hybrid force-moment braking pulse, which includes a nonreal-
istic rendered moment to exploit a haptic illusion. We describe
how to implement such a hybrid force-moment braking pulse
in general, considering the saturation of the haptic device’s
actuators. In a human-subject study, we find that a virtual
surface rendered with these hybrid force-moment braking
pulses is perceived as harder than the same virtual surface
rendered with a traditional braking pulse, without harming
the surface’s realism, for the majority of users. The moment-
based haptic illusion also has the potential to be superimposed
on other types of haptic contact events to improve the perceived
hardness.

I. INTRODUCTION

With impedance-type haptic interfaces—characterized by
low inertia, low friction, and backdrivability—rendering of
virtual surfaces is typically based on the implementation of a
unilateral stiffness that penalizes penetration into the surface,
with a force fff = n̂nnkx (units N) proportional to the penetration
depth x (units m) via a stiffness k (units N/m), where n̂nn is the
surface normal at the point of contact (i.e., x is measured in
the −n̂nn direction). A perennial challenge when implementing
such virtual surfaces is making them feel simultaneously
realistic and hard. Here, “hardness” refers to a subjective
perception of a surface, as opposed to alternate definitions
used within the materials and solid-mechanics communities.
Increasing the stiffness of a virtual surface is the most
straightforward way to make it feel harder. However, it
is well known that increasing the stiffness too high leads
to nonpassive and unstable behaviors (e.g., vibrations) that
destroy the illusion of the intended passive surface [1]–[3].

The “rate hardness” of a contact event with a virtual
surface, which is the ratio of the initial rate of change in
force to the initial penetration velocity, with units (N/s)/(m/s)
= N/m, is known be a good measure of how hard the surface
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feels [4]. There is evidence that “extended rate hardness”,
which replaces the initial rate of change in force with the
maximum rate of change in force, has even better correlation
with perceived hardness [5].

One way to increase the (extended) rate hardness of a
virtual surface without increasing its stiffness is to implement
a braking pulse [6]. A braking pulse is a subclass of event-
based haptic feedback cues designed to improve the transient
sensations perceived during a tool-mediated contact event
with a virtual surface without negatively affecting the stabil-
ity of the surface [7], [8]. In their most basic form, braking
pulses are implemented as force impulses designed to cancel
the momentum of the hand and stylus when they impact
the virtual surface. Let ppp = mvvv be the incoming momentum
(units N·s), where m (units kg) is the estimated mass of the
hand and stylus and vvv is the velocity (units m/s) of the haptic
interaction point (HIP) during the contact event. The braking
pulse is typically implemented as an impulse spread over N
cycles of the haptic update period T (typically T = 0.001 s)
with

fff =−
(

1
NT

)
n̂nnn̂nn>ppp (1)

with N chosen as small as possible so that the braking-
pulse event is perceived as instantaneous. The maximum
magnitude of the force that can be rendered will be limited
in any real system due to saturation of the amplifier or power
supply driving the motors. This will fundamentally limit the
achievable hardness.

However, during such a saturation event, not every actuator
saturates simultaneously, and typically only a single actuator
saturates. This leaves the remaining actuators potentially
underutilized. Consider the case of a contact event with a six-
degree-of-freedom (6-DOF) Phantom Premium. The simple
kinematic structure of this haptic device makes it easy to
visualize the phenomenon of interest here. To render the
desired upward force at the HIP in the configuration shown
in Fig. 1(a), only a single motor (Motor 2) is used. We see
that the user experiences both a reaction force and a reaction
moment to balance the rendered force quasistatically. That is,
both forces and moments at the hand are part of the typical
haptic experience of tool-mediated contacts. If we were to
superimpose a torque at Motor 5, as shown in Fig. 1(b), we
could increase the magnitude of the reaction moment at the
hand without affecting its direction, and without affecting
the reaction force. It is our hypothesis that, if rendered over
a short duration, this will lead to a perception of increased
hardness without harming the realism of the rendering. In this
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(b) Hybrid force-moment braking pulse.

Fig. 1: Comparison of braking-pulse methods, depicted with
a 6-DOF Phantom Premium. The gray arrow is the force to
be rendered at the HIP, caused by an impact with a virtual
sphere. Blue arrows indicate actuator torques. Red arrows
indicate the reaction force and moment of the hand (assuming
static equilibrium). Adding τ5 increases the magnitude of mmmr.

paper, we describe how to implement such a hybrid force-
moment braking pulse in general, considering the saturation
of the haptic device’s actuators, and we demonstrate the
existence of this haptic illusion [9] through human-subjects
studies.

Our idea is not without precedent. Prior works have used
a gyroscope or a moving center of mass in ungrounded
kinesthetic haptic displays to generate kinesthetic moment
illusions [10]–[12]. Other works have shown, in the context
of high-frequency vibrotactile display on an ungrounded
stylus, how moment channels can be used to increase the
perceived sensation magnitude, without users being able
to distinguish moments from forces [13]–[15]. It is also
known that cutaneous feedback has a significant effect on
the perception of hardness [16]. Because a braking pulse is
fundamentally a “high-frequency” event, albeit of a nonperi-
odic nature, our hypothesis in this study is that underutilized
moment actuation can be used to increase the perceived
magnitude of braking pulses, which will ultimately lead
to virtual surfaces that appear harder than with traditional
braking pulses, but without any explicit attempt to increase
the rate hardness.

The case of the 6-DOF Phantom Premium depicted in
Fig. 1 also enables us to visualize the limitations of the

proposed method. The reaction moment experienced at the
hand is fundamentally due to the moment arm from the
HIP to hand. Let φ represent the positive angle between the
surface normal and the axis of the stylus. As φ is reduced, so
is the reaction moment at the hand. For haptic interactions
with φ = 0 (e.g., needle puncture), we would not expect any
reaction moment at the hand, and thus would not expect a
torque applied at Motor 5 to contribute to the illusion of a
larger puncture force.

II. FORCE-MOMENT ILLUSION IN TOOL-MEDIATED
CONTACT EVENTS

When a static force fff is rendered at the HIP, simulating a
typical tool-mediated contact with an environment, the user
experiences a reaction force

fff r =− fff (2)

and reaction moment

mmmr = rrr× fff = S{rrr} fff (3)

as depicted in Fig. 1(a), where rrr is the vector from the HIP
to the grasp, and S{rrr} is the skew-symmetric matrix packing
of rrr that represents the cross-product operation.

When a static moment mmm is rendered at the HIP, the user
experiences a reaction moment

mmmr =−mmm, (4)

which has no resulting reaction force. When a static force
fff and moment mmm are simultaneously rendered at the HIP as
depicted in Fig. 1(b), the user experiences a reaction force fff r
and reaction moment mmmr that are a combination of (2)–(4):[

fff r
mmmr

]
=

[
−I O
S{rrr} −I

][
fff
mmm

]
(5)

where I is the identity matrix and O is a zero matrix. This
situation is unlike the real tool-mediated interactions that
humans are accustomed to, since there is typically no applied
moment during a contact event. It is our hope that this can
be exploited in a haptic illusion [9]. It is our hypothesis that
rendering a moment

mmm = S{rrr}( fff des− fff ) (6)

during a contact event (i.e., if this moment is applied over
a very short duration) can partially create the illusion of a
desired force fff des in cases in which it is not possible to
render fff = fff des directly. Here, fff des− fff can be viewed as
the shortfall in force capability. Such a method would likely
be conservative (i.e., the perceived force magnitude would
likely still be less than ‖ fff des‖) since the resulting reaction
force will be less than what would be expected with fff = fff des
and mmm = 000.

It should be noted that this haptic illusion does not work
quasistatically. An applied moment at the HIP is perceived
as physically unrealistic of a simply contact with a surface.



III. KINEMATICS OF THE HAPTIC DEVICE

As we survey 6-DOF impedance-type haptic devices,
we find that they are typically constructed as open-chain
(i.e., serial) mechanisms with six actuators (e.g., Phantom
Premium) or as closed-chain (i.e., parallel) mechanisms with
more than six actuators (e.g., Entact W6D, Quanser HD2). In
robots with an open-chain design, it is common to quantify
the robot’s configuration-dependent manipulability using a
Jacobian of the robot’s forward kinematics:[

vvv
ωωω

]
= Jfk{θθθ}θ̇θθ , (7)

where vvv and ωωω are the velocity and angular-velocity vectors
of the end-effector, respectively, and θθθ = [θ1 · · · θn]

> is the
n×1 array of joint angles [17]. However, we find that using
a Jacobian of the haptic device’s inverse kinematics [18],

θ̇θθ = Jik{θθθ}
[

vvv
ωωω

]
, (8)

generalizes well for most haptic devices of interest, including
both the 6-DOF Phantom Premium discussed previously and
the Entact W6D used in the subsequent experiment. Using
the principal of virtual work, the force fff and moment mmm that
must be applied at the HIP to balance a set of joint torques
τττ = [τ1 · · · τn]

>, in static equilibrium, are calculated as[
fff
mmm

]
= Jik{θθθ}>τττ, (9)

and the joint torques to achieve a desired force and moment
at the HIP can be calculated using the pseudoinverse:

τττ =
(
Jik{θθθ}>

)†
[

fff des
mmmdes

]
. (10)

Each of the actuators has a maximum torque magnitude,
collected in the array τττmax = [τmax,1 · · · τmax,n]

>. A solution
to (10) is valid (i.e., the desired force and moment are
achievable) if the magnitude of each element in τττ is not
greater than the respective element in τττmax.

IV. HYBRID FORCE-MOMENT BRAKING PULSE

Let us assume that we have a desired (force-only) braking
pulse fff des, determined using (1). We begin by computing the
joint torques, τττ fff , required to render fff des, using (10) with
mmmdes = 000. If τττ fff is achievable (i.e., if each element in τττ fff has
a magnitude that does not exceed its respective maximum
value stored in τττmax), then we have found a solution to
generate the desired braking pulse, and utilizing the force-
moment illusion is unnecessary; this is the first possible
outcome.

If τττ fff is not achievable, then we can scale the requested
force linearly by a constant 0 < γ < 1 to ensure that no joint
torque is above its maximum limit, such that at least one joint
torque in γτττ fff will be at its maximum limit. If this is the case,
our rendered braking pulse γ fff des will have a shortfall from
what was desired from (1). We would like to make up for
this shortfall with an equivalent moment, if possible, using
(6), which takes the form

mmmdes = S{rrr}( fff des− γ fff des) = (1− γ)S{rrr} fff des (11)

Algorithm 1 Hybrid Force-Moment Braking Pulse

1: procedure CALCULATE JOINT TORQUES( fff des,rrr)
2: τττ fff ← (J>ik)†[ fff>des 000>]>

3: τττmaxHigh← τττmax
4: τττmaxLow←−τττmax
5: γ ← SCALE (τττmaxHigh,τττmaxLow,τττ fff )
6: if γ = 1 then
7: return τττ ← τττ fff . Outcome 1
8: else
9: mmmdes← (1− γ)S{rrr} fff des

10: τττmmm← (J>ik)†[000> mmm>des]
>

11: τττmaxHigh← τττmaxHigh− γτττ f
12: τττmaxLow← τττmaxLow− γτττ f
13: δ ← SCALE (τττmaxHigh,τττmaxLow,τττmmm)
14: return τττ ← γτττ fff +δτττmmm . Outcome 2

15:
16: procedure SCALE(xxxmaxHigh,xxxmaxLow,xxx)
17: s← 1
18: for i:=1 to length(xxx) do
19: if xxx(i)> 0 and xxxmaxHigh(i)/xxx(i)< γ then
20: s← xxxmaxHigh(i)/xxx(i)

21: if xxx(i)< 0 and xxxmaxLow(i)/xxx(i)< γ then
22: s← xxxmaxLow(i)/xxx(i)
23: return s

We compute the joint torques, τττmmm, required to render mmmdes,
using (10) with fff des = 000. However, we have already identified
that at least one of our actuators is saturated, and we
must determine if τττmmm is achievable (given that some of our
actuation is being used to apply γτττ fff ), and if not, if some
scaled-down version of mmmdes is achievable. To check if the
moment is achievable, we apply a −γτττ f offset to the upper
and lower saturation limits on the joint torques. We then
verify that τττmmm is achievable, and if not, we linearly scale
down the requested torque by a constant 0 < δ < 1 to ensure
that none of that of the actuators is beyond saturation.

The complete pseudocode to implement the hybrid force-
moment braking pulse is provided as Algorithm 1.

V. HUMAN-SUBJECTS STUDY

We conducted a humans-subjects study to test the hypothe-
sis that hybrid force-moment braking pulses result in haptic
virtual surfaces that are perceived as harder than surfaces
using traditional braking pulses, without harming the realism
of the surface. The study consists of two experiments that
are identical in every way except in the question that is
posed to the subject, with each utilizing a distinct set of
human subjects. In the first experiment, the subjects are
asked to determine which surface feels harder. In the second
experiment, the subjects are told that the virtual surface is
designed to simulate a hard metal surface, and the subject is
asked to determine which surface feels more realistic.



A. Subjects

The first experiment is performed by 10 (5 male, 5 female)
subjects, whose ages range from 22 to 28 years, and whose
weights range from 60 to 95 kg. The second experiment is
performed by a different 10 (5 male, 5 female) subjects,
whose ages range from 21 to 35 years, and whose weights
range from 65 to 95 kg. Subjects are all right-handed, and
have normal tactile sensation and normal (corrected) vision,
by self-report. The study was approved by the University of
Utah Institutional Review Board.

B. Apparatus

The experimental setup for our study is shown in Fig. 2.
Experiments were conducted with an Entact W6D haptic
device, which comprises closed-chain kinematics with seven
backdrivable motors. The complete kinematic equations are
provided in Appendix I. The maximum joint torques for
each of the six main (most proximal) motors is ‖τmax‖ =
511 N·mm (from the device’s header file). Our algorithm
does not make use of the small distal motor responsible for
torque about the axis of the stylus (although its maximum
value is ‖τmax‖ = 145 N·mm). Because we are not certain
what factor is ultimately causing the enforced maximum
motor-torque value—which could be either amplifier sat-
uration, power-supply saturation, or motor safety limits—
we choose to artificially saturate the motors at ‖τmax‖ =
255 N·mm, such that our investigation of the underlying
force-moment illusion will not be confounded by the un-
known parameters of the commercial haptic device.

A simple haptic virtual surface in a horizontal plane was
implemented using OpenGL and freeGLUT libraries. The
surface was designed with a relatively small area (see the
monitor in Fig. 2), which ensured that the subject’s arm,
wrist, and hand were in approximately the same posture
throughout the experiment. This nominal configuration is
defined by the haptic-device joint angles θ1 = −36.4 rad,
θ2 = 81.1 rad, θ3 = 9.44 rad, θ4 = −48.0 rad, θ5 = 87.0 rad,
θ6 = 6.00 rad, and θ7 undetermined; see Appendix I for more
details. At this nominal configuration, the maximum upward
force that can be rendered by the device before saturation is
4.90 N, and with our artificially imposed motor saturations
the maximum upward force is 2.45 N It was determined
in pilot testing that a relatively high stiffness value (i.e.,
near the maximum value) that could be rendered without
any perceptible unstable/nonpassive artifacts was 5678 N/m.
This stiffness value was used consistently throughout all
experiments.

We calculate the desired (traditional) braking pulse using
(1), with N = 1 and T = 0.001 s. We calculate the incoming
momentum of the hand using ppp=mvvv. We estimated the mass
of the subject’s hand as 0.6% of their total body weight [19].
We calculate the velocity of the HIP with (7), using the joint-
velocity estimates provided by the Entact W6D SDK.

To ensure that the braking pulses were discrete contact
events, after a contact is detected and a braking pulse is
implemented, the HIP must be raised 3 mm above the haptic
virtual surface before another braking pulse can be given.

Fig. 2: The experimental setup. The subject holds the haptic
device’s stylus, with his elbow resting on an armrest, and
controls a proxy in a simple 3D virtual world. A dot was
painted on the stylus, indicating where the subject should
grasp it, with ‖rrr‖= 120 mm. The user can use the keyboard
to toggle between the surface properties and enter the final
answer.

We found in pilot testing that this was sufficient to allow
free tapping of the surface without any noticeable artifacts.

C. Design
In each experiment, the subject compares two surfaces:

one rendered using a traditional force braking pulse, and
one using a hybrid force-moment braking pulse. Each subject
compares n = 20 such pairs. Each type of braking pulse is
presented first in half of the trials and second in half of the
trials, with the presentations randomly sorted. To evaluate
statistical significance, we use the binomial distribution,
which states that the probability P of k selections in n trials
if the differences are chosen by random chance (p = 0.5) is
calculated as:

P =

(
n
k

)
pk(1− p)n−k =

n!
k!(n− k)!

pk(1− p)n−k (12)

Considering the cumulative probability centered at k = 10,
using the conventional significance of α = 0.05, a subject
must select a given braking-pulse method at least 15 times
out of the 20 trials to conclude that there is a significant
difference from random chance. As such, k≥ 15 indicates a
significant preference for the hybrid method, whereas k ≤ 5
indicates a significant preference for the traditional method.

In each experiment, the method described above is used
to classify each subject as a binary success or failure, where
“success” is defined as a subject for which k ≥ 15, and
“failure” is defined by k < 15. We then apply the Wilson
score interval (see Appendix II) to our results with 10 human
subjects to determine the 95% confidence intervals for our
results that are expected in the broader population.

D. Procedure
The subject is seated at a desk, in front of a computer

monitor and keyboard, with the haptic device placed to the



right of the monitor. The subject is instructed to adjust the
chair and armrest until they can comfortably hold the stylus
such that their virtual proxy is hovering near the virtual
surface on the monitor. The subject is instructed to grasp the
stylus such that the red band on the stylus sits at the midpoint
between the two points of contact, which are the grasp point
between the fingers and the purlicue (i.e., the crook of the
thumb). The subject is instructed to hold the stylus pointing
down and away from them, with φ ≈ 45◦, and is shown by
the experimenter what this means (see Fig. 2). Underneath
the virtual surface, a “1” or “2” appears on the monitor.
Subjects are instructed to tap on the surface, pressing the
“T” key on the keyboard to toggle between surface 1 and
surface 2, until they determine which surface feels harder
or more realistic of a hard metal surface (depending on the
experiment), at which point they press the “1” or “2” key
to enter their choice. The trial number displayed at the top
of the monitor updates to give a visual confirmation that the
keypress was detected. A new choice cannot be entered until
the “T” key has been pressed again, which eliminates the
possibility of accidentally entering an answer twice, or of
entering an answer before both surfaces have been felt in a
given trial. Subjects are told that tapping harder or faster may
make it easier to distinguish differences between the surfaces.
Subjects are instructed that if it is impossible to distinguish
between the two surfaces then they should randomly select
“1” or “2”. Subjects are told that they may take a break at
any time during the experiment. Throughout the study, the
total completion times across subjects was 15–25 min.

E. Results

1) Experiment 1: In the experiment in which we asked
the subjects which surface felt harder (Fig. 3(a)), nine out of
ten subjects chose the hybrid force-moment braking pulse at
least 15 times out of 20 trials, meaning that they perceived
those surfaces as harder (with at least 95% confidence). The
remaining subject chose the hybrid force-moment braking
pulse 12 out of 20 trials, which is not enough to be
considered significantly different than random chance.

With nine out of ten subjects indicating that the hybrid
force-moment braking pulse feels harder, we can place a
95% confidence interval on what we should expect in the
population more broadly at 70–98% of the population. Thus,
we can conclude that a supermajority of people will perceive
the illusion of a harder surface.

2) Experiment 2: In the experiment in which we asked the
subjects which surface felt more realistic as a simulation of
a hard metallic surface (Fig. 3(b)), seven out of ten subjects
chose the hybrid force-moment braking pulse at least 15
times out of 20 trials, meaning that they perceived those
surfaces as more realistic (with at least 95% confidence).
Two subjects chose the hybrid force-moment braking pulse
in the majority of trials, but not enough to be considered
significantly different than random chance. The remaining
subject never selected the hybrid force-moment braking
pulse.
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(b) Experiment 2: “Which surface was a more
realistic simulation of a hard metallic surface?”

Fig. 3: Histogram of subjects’ responses for each experiment.
The pink areas indicate values that are not different from
random chance (using a significance α = 0.05).

With one out of ten subjects indicating that the hybrid
force-moment braking pulse feels less realistic of a hard
metal surface, we can place a 95% confidence interval on
what we should expect in the population more broadly at 2–
40% of the population. Thus, we can conclude that a minority
of people will perceive that the surface feels less realistic.

VI. DISCUSSION

We have shown that is it possible to use a hybrid force-
moment braking pulse, which makes use of a newly identified
haptic illusion based on a nonrealistic applied moment, to
create virtual surfaces that feel harder than those rendered
with traditional braking pulses, without harming the realism
of the surface, for the majority of users. This new haptic
illusion can be used to increase the performance of exist-
ing haptic interfaces, seemingly pushing them beyond their
saturation limits. Although we only incorporated the haptic
illusion with a basic braking pulse here, it could easily
be incorporated with other more sophisticated event-based
haptic feedback.

During our initial investigation, we wondered whether the
illusion that we were feeling was due to the increase in
the reaction moment at the hand as hypothesized, or if was
simply due to the introduction of additional high-frequency
haptic or audio stimulus. To test this alternate hypothesis,
we reversed the sign on the commanded moment mmm. For
example, one can imagine the case of Fig. 1(b) if the sign
of τ5 was reversed. What we experienced was a perceived
softening of the virtual surface, which led us to dismiss the
alternate hypothesis.

In our study, we only considered a single haptic device,
at a single nominal configuration, at a single arm-wrist-hand
posture, with a single braking-pulse duration of 0.001 s, with
a single stiffness of the underlying virtual surface, and with a



single method to estimate the momentum of the hand during
contact. As a result, although we have demonstrated the
existence of a new haptic illusion, characterizing the bounds
of when this haptic illusion can be exploited is left as an open
problem. As discussed earlier, we know the value of φ will
certainly make a difference. The specific haptic device and its
configuration are both likely to make a difference as well, as
is the relative maximum strength of the device’s actuators.
It is also likely that extending the duration of the braking
pulse too long, in an attempt to increase the magnitude of
the pulse, will likely harm the realism of the sensation. It
is unclear how a change in the stiffness of the underlying
virtual surface would affect the illusion.

In the experiment in which we asked the subjects which
surface felt more realistic as a simulation of a hard metallic
surface, one of the subjects never chose the surface with
the hybrid force-moment braking pulse. That subject told
the experimenter that her choice was because the surface
with the hybrid force-moment braking pulse felt “strange”.
It is unclear to us what caused this to happen. In the exper-
imenter’s perception, this subject was not holding the stylus
differently or interacting with the virtual surface differently
than the other subjects. This suggests that the haptic illusion
is not effective for everybody, but our statistical analysis
indicates that the majority of people will not exhibit this
problem with the haptic illusion. It is also worth noting that
the robustness of this haptic illusion is comparable to many
other well known haptic illusions [9]. That being said, when
incorporating this haptic illusion into virtual environments,
it will likely be best to incorporate the ability to toggle the
illusion on-off for those who feel it harms the realism of the
virtual environment.

APPENDIX I
KINEMATICS OF THE ENTACT W6D

We are interested in the velocity vvv =
[
vx vy vz

]> and
angular velocity ωωω =

[
ωx ωy ωz

]> at the HIP (see Fig. 4).
These vectors can be expressed in either the workspace
coordinate frame “w” or the stylus coordinate frame “s”. The
representations in these two frames are related by a rotation
matrix wRs =

sR>w describing the orientation of the stylus
frame with respect to the workspace frame:

wvvv = wRs
svvv, w

ωωω = wRs
s
ωωω (13)

The Entact W6D haptic device comprises two parallel
arms (Arms 0 and 1), each with three degrees of freedom,
and a distal motor (M7) that is responsible for torque about
the axis of the stylus. The velocity and angular velocity at
the HIP can be mapped to the velocities vvv0 and vvv1 at the
ends of Arms 0 and 1, respectively, and the angular velocity

TABLE I: Measured lengths (mm) from Entact W6D.

l0 l1 l2 l3 d1 d2 d3
42.0 34.0 180 165 46.0 205 69.7

about the axis of the stylus is treated independently:

sv0x
sv0y
sv0z
sv1x
sv1y
sv1z
sωz


=



1 0 0 0 L 0
0 1 0 −L 0 0
0 0 1 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 1


︸ ︷︷ ︸

A



svx
svy
svz
sωx
sωy
sωz

 (14)

Each of the two arms, denoted by Arm i with i ∈ {0,1},
has a simple kinematic structure, with its end position in the
workspace frame described by

wdddi =
[wxi

wyi
wzi
]> (15)

where

wxi =(2i−1)l0 sin(θ3i+3)−d1 + l2 cos(θ3i+1)cos(θ3i+3)

+ l3 cos(θ3i+3)cos(θ3i+1 +θ3i+2)︸ ︷︷ ︸
waaai[1]

(16)

wyi =− l1 + l2 sin(θ3i+1)+ l3 sin(θ3i+1 +θ3i+2)︸ ︷︷ ︸
waaai[2]

(17)

wzi =(2i−1)l0 cos(θ3i+3)+d2− l2 cos(θ3i+1)sin(θ3i+3)

− (2i−1)d3−l3 sin(θ3i+3)cos(θ3i+1 +θ3i+2)︸ ︷︷ ︸
waaai[3]

(18)

with the orientation of the stylus frame described by

wRs =
[wx̂xxs

wŷyys
wẑzzs
]

(19)

where
wẑzzs =

wddd0−wddd1

‖wddd0−wddd1‖
(20)

wx̂xxs

∣∣∣
θ7=0

=
waaa1×wẑzzs

‖waaa1×wẑzzs‖
(21)

wŷyys

∣∣∣
θ7=0

= wẑzzs×
(

wx̂xxs

∣∣∣
θ7=0

)
(22)

[wx̂xxs
wŷyys
]
=

[
cos(αθ7) −sin(αθ7)
sin(αθ7) cos(αθ7)

][
wx̂xxs

∣∣∣
θ7=0

wŷyys

∣∣∣
θ7=0

]
(23)

where α = sωz/θ̇7 = 0.185 is the transmission ratio due to
the gearhead on M7 [20].

The Jacobians of the forward kinematics of the arms, J0fk
and J1fk, are found by differentiating the forward kinematics,

Jifk =
[

∂ wdddi
∂θ1

· · · ∂ wdddi
∂θ7

]
, (24)

which can be calculated numerically using central differ-
ences.
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Fig. 4: Entact W6D. (a) Definition of workspace frame. (b) Kinematic structure. (c) Close-up of the stylus and hand, with
parameters used in this study. The origin of the stylus coordinate frame is located at the HIP. The stylus coordinate frame
is depicted for θ7 = 0. vvv and ωωω are the velocity and angular velocity, respectively, of the stylus at the HIP. We defined the
upper arm as “Arm 0” and the lower arm as “Arm 1”. Since the seventh (most distal) motor is mounted on the stylus, and
it is decomposed from the rest of the device, we treat it as an independent actuator. The HIP and the end of Arm 1 are
collocated, resulting in vvv = vvv1. Images (a) and (b) are reprinted from [20] with permission of Ryan Leslie, Entact Robotics.

The inverses of these matrices enable us to compute the
joint velocities from vvv0, vvv1, and sωz:

θ̇1
θ̇2
θ̇3
θ̇4
θ̇5
θ̇6
θ̇7


=

J−1
0fk 0 0
0 J−1

1fk 0
0 0 1

α


︸ ︷︷ ︸

B



wv0x
wv0y
wv0z
wv1x
wv1y
wv1z
sωz


(25)

Combining the preceding results, we can calculate the
joint velocities for a given stylus velocity and stylus angular
velocity in a form that is equivalent to (8):

θ̇1
θ̇2
θ̇3
θ̇4
θ̇5
θ̇6
θ̇7


=B

wRs 0 0
0 wRs 0
0 0 1

A[sRw 0
0 sRw

]
︸ ︷︷ ︸

Jik



wvx
wvy
wvz
wωx
wωy
wωz

 (26)

APPENDIX II
WILSON SCORE INTERVAL

For an estimated probability of p̂ from n trials, a conven-
tional confidence interval, which assumes a normal distribu-
tion centered at p̂, is calculated as

p̂± z

√
p̂(1− p̂)

n
(27)

where z = 1.96 for a 95% confidence interval (i.e., for a
significance of α = 0.05). In some cases, this can result in
confidence intervals that stretch below 0 or above 1, which
is not meaningful for probability.

The Wilson score interval [21] is an improvement to
the conventional method of calculating confidence intervals

when using binomial distributions. It provides better esti-
mates of the true interval, particularly in cases with a small
number of trials or with extreme probability values. The
Wilson score interval is calculated as

p̂+ z2

2n

1+ z2

n

± z

1+ z2

n

√
p̂(1− p̂)

n
+

z2

4n2 (28)

where the same z value is used as above. Note that this
interval is not centered on p̂.
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