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Abstract— This paper presents combined velocity-heading
control of a planar snake robot for the autonomous navigation
and obstacle avoidance in a simulation environment. The
kinematics and dynamics of the snake robot were derived using
the articulated-body algorithm without considering the non-
holonomic constraints. A double-layer controller was designed
to control both heading direction and average velocity through
joint motion control. We adopted a rule-based expert system
for autonomous navigation while avoiding obstacles/restricted-
areas. The guidance commands were realized by two propor-
tional controllers that use feedback of the estimated speed and
heading of the robot. To validate the combined velocity-heading
controller, a series of simulations were carried out for a snake
robot with 6 links (8 DOF). The autonomous navigation and
obstacle-avoidance algorithms provided the commands to follow
the desired trajectories. The simulation results showed the
effectiveness of the controller in following the desired heading
directions and achieving targeted velocities with small errors
to reach the goal position by avoiding obstacles.

I. INTRODUCTION

The demand for developing autonomous robotic systems
with capability to adapt and operate in unknown and dynamic
environments has recently emerged with potential for a
variety of applications such as space exploration, search-and-
rescue, monitoring and inspection, and agriculture. Biologi-
cally inspired robots have shown greater potential for these
applications. Particularly, biological snakes have fascinated
roboticists over the past five decades due to their versatile
limbless locomotion that adapt easily to unstructured and
unknown environments [1]. Ever since preliminary study of
biological snake locomotion by Gray in 1946 [2] and devel-
opment of the first snake robot by Hirose [3] in early 70’s,
enormous amount of work have been focused on developing
dynamic models and control algorithms for modeling and
controlling these complex robotic systems [4].

Most snake robots studied over the past 48 years were
considered as a serial kinematic chain with nonholonomic
constraint. This constraint was explicitly imposed to the
model of the snake robot for avoiding lateral slip (side-
slip constraints) which is a crucial factor for generating the
lateral undulatory locomotion (the most common locomotion
gait between biological snakes) in snake robots [4]. The
nonholonomic constraints were implemented in the physical
robot platforms by adding passive wheels under each link
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of snake robots [3]. However, biological snakes rely on the
interaction of their body with the surrounding environment
based on anisotropic friction properties to generate these
motion constraints and consequently the progressive motion.
There have been fewer works on modeling and analysis of
snake robots without the side-slip constraint [4], [5].

From control point of view, many research efforts were
dedicated to the pattern gait control of snake robots [5], [6]
with some work studied the position/heading direction with
side-slip constraints [7]. The only work by Hicks and Ito [8]
has studied the determination of optimal gaits for control of
position/heading direction for the locomotion of snake robots
without side-slip constraints on a flat surface. However, the
velocity control was not considered.

In our earlier work [9], [10], the dynamic model of a four-
link snake robot was derived using the Kane method without
the side-slip condition. That leads to an under-actuated
dynamic system (i.e. 6 DOF with only 3 control inputs)
where the internal shape motion is not directly related to the
robot’s external locomotion. A robust joint controller based
on sliding-mode control (SMC) technique was developed
to modulate the internal body motion and to generate the
required serpentine locomotion by attenuating lateral slip at
each link. The controller was able to compensate for uncer-
tainties regarding the model and the environment parameters
such as mass and friction coefficients [9]. Additionally,
a double-layer SMC was developed to control the under-
actuated four-link snake robot in the Cartesian space for
following specific paths without velocity control [10].

This paper presents a combined velocity-heading direction
control of snake robots without side-slip constraints. The
dynamics of a snake robot with N-link (i.e. N+2 DOF and
N-1 control inputs) was derived using the articulated-body
algorithm [11]. A waypoint navigation algorithm was used
to navigate the surrounding environment. A double-layer
controller was designed to control both the heading direction
and the average velocity of a snake robot in following desired
trajectories. The outer control layer modulates the serpentine
curve motion parameters (angular frequency and bias) for
controlling the heading direction and velocity, respectively.
The inner-layer controls the joints’ motion of the snake robot
to follow the desired serpentine motion.

II. KINEMATICS-DYNAMICS OF SNAKE ROBOTS

A planar model of a snake-robot with N links connecting
through N-1 revolute joints without side-slip constraints
(nonholonomic) was considered as shown in Fig 1. We
assumed anisotropic friction applied to snake robot with
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Fig. 1. Overall Model of a Snake Robot With N Links and N-1 Joints.

a friction larger in the normal than tangential directions.
Therefore, the robot has N+2 degrees-of-freedom (DOF)
and is an under-actuated dynamic system where the internal
shape motion is not anymore directly related to the over-
all displacement of the snake robot. Forward dynamics of
the snake-robot, shown in Fig. 1, was derived using the
articulated-body algorithm [11]. The first joint is considered
as a floating planar joint (two translational and one rotational
DOF) and the rest of the joints are one rotational DOF. The
articulated-body algorithm calculates the dynamics of an N-
link kinematic chain with O(N) arithmetic operations through
a 3-pass procedure. The first pass, from base (tail) to the
last link (head) calculates the velocities and bias terms, the
second pass, from (head) to (tail) computes the articulated-
body inertia and bias forces and the third pass from tail-to-
head calculates the accelerations. Spatial vector algebra (6D)
was employed to derive the equations. The spatial velocity,
v = [ω,vC ]T ∈ M6 and spatial force, f = [nC , f ]

T ∈ F6

are combined the rotational and translational terms in one
6 × 1 vector representation where ω = [ωx ωy ωz]

T and
vC = [vCx vCy vCz]

T in the motion domain as well as
corresponding terms, nC = [nCx nCy nCz]

T and f =
[fx fy fz]

T , in the force domain.{
fJi = IAi ai + pAi
vJi ∈ S fJi ∈ S⊥

(1)

where,

IAi = Ii + IAi−1 − IAi−1Si−1ΦiS
T
i−1I

A
i−1 (2)

pAi = pi + pAi−1 − IAi−1Si−1Φi
(
τi − STi−1pAi−1

)
pi = vi ×∗ Iivi − fexti

vi = vi−1 + vJi v0 = 0

vJi = Sq̇i ST fJi = τi

vi×∗ =

[
ω vi
0 ω

]
(Special cross-product in force domain)

and, S6×Nf
⊆ M6 denotes a subspace of motion at a joint. S

describes the constraint motion with Nf ≤ 6 DOF and S⊥

is the orthogonal complement of S includes the constraint
forces that impose those motion constrains at the joint.

The generalized coordinates, q = [q1, q2, · · · , qN+2]T ,
describe the snake robot motion in 2D space where q1 and
q2 are the coordinates of the tip of the snake robot (point P1)
and the rest are the absolute angle of the links with respect to
the inertial frame O as shown in Fig.1. The q̇ and q̈ are the
first and second derivatives of the generalized coordinates.

The free body diagram of a link of the snake-robot is
shown in Fig. 2. The fJi and fJi+1 are the joint forces, and

Fig. 2. Free Body Diagram of a Snake Robot Link.

torques at the proximal and distal joints associated with
the link, are identified as τi and τi+1. The external friction
force is applied with components in normal and tangential
directions, represented here in a spatial force vector form
fexti = [0, 0, 0, f ti , f

n
i , 0]T . The friction between the snake

robot and the ground was modeled as the Coulomb friction
with anisotropic properties, µt � µn.

fni = −µnmig sgn(vi) cos(qi)

f ti = −µtmig sgn(vi) sin(qi) (3)

where mi and g are the mass of the ith link and the
gravitational acceleration, respectively. Solve for the body
acceleration ai yields;

ai = ai−1 + Siq̈i a0 = 0 (4)
q̈i = Φi (τi − bi)

Φi =
(
STi I

A
i Si

)−1
bi = STi I

A
i ai−1 − STi pAi

Solving (1)-(4) in the described forward and backward
passes will provide the equations of motion govern the
locomotion of the snake robot on a flat surface.

III. CARTESIAN CONTROL OF SNAKE ROBOTS

The goal of control here is to follow the desired trajectories
defined by the path planner. Thus, a double-layer controller,
as shown in Fig. 3, was designed for snake robots to follow a
specific direction with a desired linear velocity. Figure 3(a)
shows the outer layer of the controller that modulates the
parameters of the snake-robot’s gait (in terms of relative joint
angles) to control the overall locomotion of the robot. On the
other hand, the inner layer, shown in Fig. 3(b), is calculating
the required joint torque to generate the desired joint motion.

A. Outer Control Layer: Heading and Velocity Control

The outer-layer modulates the parameters of the sinusoidal
function in order to change the direction and the linear
velocity in that direction. The parameter γc is related to the
heading direction control. The overall direction of the snake
robot, θ̄, is defined as the average of absolute links’ angle
(orientation of the link). The γc will be determined based on
a proportional controller:

γc = kγ(θ̄d − θ̄) (5)

θ̄ =
1

N

N∑
i=1

qi
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Fig. 3. a) Heading-Velocity Control Diagram and b) the Inner Joint Control.

where, kγ is the control gain, θ̄d and θ̄ are the desired and
actual heading directions of the snake robot, respectively.
The angular frequency of the periodic motion, ωc, will be
determined, (6), to modulate the linear forward velocity.

ωc = ω0

(
1 + kω(v̄td − v̄t)

)
(6)

where ω0 is the base angular frequency, kω is the control
gain, as well as v̄t = J tq̇ and v̄td are the actual and
desired average velocity of the snake-robot’s links in the
tangential direction. Notice that v̄td and θ̄d are specified by
the path planner algorithm. Then, γc and ωc are fed into
the sinusoidal equation to define the desired joint angles and
their derivative, [φd, φ̇d].

B. Inner Control Layer: Joint Control

To generate the serpentine gait by the snake robot, the
joints angle must be varying in a sinusoidal motion with
amplitude α, phase shift of β, and bias γ as shown in (7).

φi = α sin(ωt+ (i− 1)β) + γ (7)

To achieve this goal, a proportional-derivative (PD) con-
troller is developed for tracking the snake robot’s joint mo-
tion in following the serpentine curve as shown in Fig. 3(b).
The forward dynamics of the snake robot provides the gen-
eralized coordinates and their derivatives after the numerical
integration. The dynamic system’s output, i.e. generalized
coordinates, were split into the translational and rotational
terms described by q̄ and q̃, respectively. The rotational part
was used to determine the joint motion defined by the joint
angles between two adjacent links as follows;

φ = Hq̃ and φ̇ = H ˙̃q (8)

where Hn−1×n, Hij,i=j = 1, Hij,j=i+1 = −1, andHij = 0
The goal here is to determine the vector of joint control

action, τ , in order the relative joint angles to follow the
desired sinusoidal trajectories presented in (7). The control
action is defined as follows using the PD controller. The
control gains will be determined in order to achieve the
desired dynamic performance by the robot.

τ = Kp (φd − φ) +Kd

(
φ̇d − φ̇

)
(9)

where τ ∈ R(N−1) is the vector of joint torque, Kp and Kd

are matrices of proportional and derivative gain control. The
calculated joint torque at each instance will be fed back into
(3) to simulate the controlled locomotion of the snake-robot,
which satisfies both heading direction and linear velocity.

IV. PROBABILISTIC THREAT EXPOSURE MAP
(PTEM) BASED NAVIGATION

In this study, we adopt a rule-based autonomous navigation
system that is previously presented by co-author Sevil and
his colleagues [12]–[17]. The navigation consists of a set
of “decision states”, which contain rules to determine how
robotic platform should move by generating heading and
speed signals [12]. The autonomous guidance algorithms
operate on the Probabilistic Threat Exposure Map (PTEM)
and the implementation of these algorithms in simulation
assumes the availability of the PTEM. Our previous research
[13]–[17] has developed an obstacle mapping system that is
capable of extracting the information needed to construct
the PTEM directly from real-time or simulated sensor data.
Further details of this approach can be found in [13]–[17].

A. Probabilistic Threat Exposure Map (PTEM)

The PTEM is used to identify restricted areas for robots
based on quantifying the level of risk, including running into
or getting very close to restricted regions at a given position
in the area of operation [13]–[17]. PTEM is a continuous
probabilistic map consisting of the sum of Multidimensional
Gaussian PDFs (Probability Density Functions), formulated
as

f(r) =

N∑
i=1

1

2π
√
det(Ki)

exp[−1

2
(r − µi)

TK−1
i (r − µi)] (10)

where µi = [µxi
µyi ]

T and Ki = diag{σxi
, σyi} are the

mean vector and the covariance matrix of the ith threat and
r is the position of a point of interest. We assumed that the
obstacles are circular shape in this study, thus the variances
along the X and Y directions are assumed to be the same.
Two parameters that are needed for specifying a Gaussian
PDF are the mean value (location) and the variance (radius).
In (10), PTEM is calculated for a given position in the area
of operation (Fig. 4(a)). We use a threshold value, f(r), to
quantify the location and size of the obstacles within the
area of operation. Then, applying the threshold value we can
find locations of the restricted areas on the map, which are
obstacles in this study, using the following equation

Ar = {r = [xy]T |f(r) ≥ fr} (11)

which identifies the set of positions where the PTEM value
is greater than or equal to the threshold, fr (Fig. 4(b)). We
keep the threshold value, f(r), as constant in this study.

B. Construction of PTEM based on Simulated Sensor Data

Simulated sensor data are first clustered into regions [13]–
[17]. Using squared sum errors, the centroid of the data
points is calculated. The maximum distance to centroid point,
then, is selected to be the radius of the cluster. The PTEM
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Fig. 4. Construction of Probabilistic Threat Exposure Map Sample a)
Sample PTEM without Applying the Threshold, b) PTEM after Applying
Threshold, and c) Restricted areas [16]

is constructed upon the cluster center (centroid) and radius,
followed by calculation of the value of the PTEM that is
greater than the threshold as formulated in (11). This is done
by adding a Gaussian PDF for each cluster, which requires
the determination of its mean values, µxi

and µyi , as well
as variances, σxi

and σyi . The mean values are determined
by assigning centroid of the respective cluster, the variance
value is calculated by solving of the zero-mean Gaussian
PDF for a given threshold value fr and the radius of the
respective cluster, rca.

fr = 1/(
√

2πσ) exp[−r2ca/(2σ2)] (12)

C. Autonomous Navigation

The algorithm used in this study for waypoint navigation
of the snake robot utilizes the concept of a virtual target. The
main goal of this approach is to generate control commands
for the snake robot to follow a moving virtual target. The
virtual target navigates between waypoints while avoiding
the obstacles, and creates a trajectory for the actual platform
to follow through. The virtual target is assumed to be ahead
of the snake robot with pre-defined time step, ∆t. As virtual
target moves along the trajectory, the navigation algorithm
uses current position of the snake robot and position of the
virtual target to generate commanded heading and velocity
signals for the snake robot. The virtual target’s motion
is defined in such a way that it moves connecting the
assigned waypoints while considering PTEM information. It
considers, also, the dynamical constraint of the snake robot,
so that the snake robot can end up in the correct waypoint
location.

V. RESULTS

Simulation results for the control of the snake-robot are
presented here. A planar 6-link snake-robot (N = 6), Fig. 1,
with the mass, length, and width of each link are set to m =
0.1kg, 2l = 0.16m, and 2w = 0.05m is considered. The
normal and tangential friction coefficients are set to µn = 0.5
and µt = 0.05, respectively. The joint parameters and control
gains are set as α = π/12, ω0 = 2πrad/s, β = 2π/5,
kω = 6, kγ = 0.05, kp = 1.25, and kd = 0.1.
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Fig. 5. Snapshots of Robot Locomotion with 0◦ Heading Direction.
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Fig. 6. Actual and Desired Heading Direction of the Snake Robot 0◦.

A. Heading Direction Control

The simulation results for following two heading direc-
tions of 0◦ and 45◦ with a set velocity of 0.17m/s are
presented. The snapshots of the snake robot locomotion in
the Cartesian space are shown in Fig. 5 for the case 0◦.
The robot started from initial pose and followed a straight
line. Figure 6 shows the time evolution of the heading angle
recorded over the simulated time. The result indicates a small
oscillation of ±4◦ around the targeted heading angle of 0◦

which is due to the oscillatory nature of the snake robot
motion and is negligible.

Figure 7 shows the snapshots of the robot locomotion
for the desired heading direction of 45◦. The robot started
from initial pose and then turned towards left to follow the
direction. The time evolution of the heading is shown in
Fig. 8. These results show the effectiveness of the controller
to guide the robot for following the desired trajectories in
the Cartesian and Joint spaces. Additionally, the required
distance and time for the snake robot to achieve the desired
45◦ direction were identified as the length of the snake robot
(1.0 m) and 10 seconds, respectively.

B. Velocity Control

The velocity controller was examined for achieving the
desired velocity for the set heading direction of zero degrees.
Figure 9 shows the snapshots of the snake robot locomotion
for two targeted average velocity of 0.14m/s and 0.17m/s.
The time evolution of the average velocity for these two cases
are shown in Fig. 10 (a) and (b). In both cases, the targeted
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Fig. 7. Snapshots of Robot Locomotion with 45◦ Heading Direction.
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Fig. 8. Actual and Desired Heading Direction of the Snake Robot 45◦.

velocity is achieved with a negligible error. The rise-time
(10-90%) of the velocity responses are about 5 seconds for
both cases. This rise-time is about half of the rise-time for
the heading responses. The control gains can be adjusted to
achieve the desired dynamic responses from the snake robot.

C. Autonomous Navigation Results

We performed simple autonomous navigation simulation
experiments as proof-of-concept results. We define way-
points as (2, 0), (3, 0.4), (4.2, 1.3) for the snake robot (Fig.
11), and the robot’s maximum speed is set as 0.15 m/s.
The waypoints in this study are defined with a proximity
circle values. Those values define a circular area around the
waypoint which snake robot determines whether it reaches to
waypoint or not by entering in that circle. In the simulations,
proximity circle radius is defined as 0.1 m. In Fig. 11,
the green dotted line indicates the trajectory of the snake
robot, blue line shows the trajectory of the virtual target, red
marker shows the position of the waypoint, and cyan circle
represents the waypoint proximity circle. The result shows
a successful implementation of the snake robot navigation
toward the waypoints. The actual and desired velocity and
heading values are depicted in Fig. 12.

In the second case, same initial point and same waypoints
are used, and an obstacle with a radius (r = 0.075 m) is
added at the location (2.5, 0.27), in order to test obstacle
avoidance capability of the proposed approach. In the Fig.
13, the black circle and markers indicate the actual size and
position of the obstacle, magenta circle indicates the size and
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Fig. 9. Snapshots of Snake Robot Locomotion with 0◦ Heading Direction
for the Targeted Velocities of 0.17m/s and 0.14m/s.
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Fig. 10. Actual Average Velocity of the Snake Robot with Desired Velocity
of a) 0.14m/s and b) 0.17m/s.

position of the obstacle identified by the PTEM algorithm.
According to the results, the snake robot successfully detects,
avoids the obstacle while it navigates through the waypoint.
The actual and desired velocity and heading values are
depicted in Fig. 14 for the simulations with obstacle. It
should be noted that for both simulation experiments the
virtual target creates its trajectory considering the obstacle,
waypoints, as well as the dynamic constraints of the snake
robot. The obstacle avoidance effect, in fact, can be seen in
the virtual target’s resulting trajectory, which allows snake
robot to navigates successfully between waypoints.

CONCLUSIONS

This paper presents the autonomous navigation and obsta-
cle avoidance of a planar snake robot locomotion with com-
bined velocity-heading control in a simulation environment.
The kinematics, dynamics, and control of the snake robot
were developed. Additionally, a rule-based expert system for
autonomous navigation while avoiding obstacles/restricted-
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Fig. 11. Waypoint Navigation Simulation Result

Fig. 12. Actual and Desired Velocity and Heading - no Obstacle

areas was adapted. These control, navigation, and obstacle
avoidance algorithms were examined on a planar 6-link
snake robot where the results indicated their effective perfor-
mance. The future work will study the effect of the robot’s
parameters variation on the overall performance, consider
the locomotion of snake robots in a cluttered and dynamic
environment, and the algorithms will be tested on an actual
snake robot for comparison.
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