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Abstract— Cooperative manipulation offers many advantages
over single-arm manipulation. However, this comes at a cost
of added complexity, both in modeling and control of multi-
arm systems. Much research has been focused on determining
optimal load distribution strategies based on several objective
functions, some of which include manipulability, energy con-
sumption and joint torque minimization. This paper presents
an internal loading strategy that is subject to the estimate of
the external disturbances along the body of one or more of the
arms involved in the manipulation process. The authors of this
paper propose a reaction strategy to external disturbances by
transforming the disturbance forces into internal forces on the
object through appropriate load distribution on the cooperative
arms. The goal is to have a set-point on the object, track a given
trajectory while compensating for external disturbances along
the links of some of the robot arms involved in the cooperative
manipulation.

I. INTRODUCTION

Cooperative manipulation has gained significant attention
in the last couple decades. With increasing interest in making
robots perform more complex tasks, it has become obvi-
ous that certain tasks cannot be performed by single-arm
robots, either due to payload limitations or the geometry
of the object to be manipulated. Therefore, there has been
an increased research effort in developing the theoretical
background for multi-arm systems [1], [2], [3]. Several
areas have benefited and could continue to benefit from the
applications of cooperative manipulation, including: Space
missions, medical surgery, elderly care and to a great extent,
industrial manufacturing [4], [5].

In [6], manipulablity was set as the optimization criterion
for load distribution while [7] used the total energy consump-
tion of the multi-arm system as an optimization measure.
Load sharing between a human and a robot is also one of
the recently explored research areas. [8] used the geometric
and dynamic properties of the task to design the load sharing
strategy of the cooperative task. Some other research work
focused on a decentralized control of multi-arm systems,
where there is no communication between robots involved
in the manipulation task. In [9], control is based on a decen-
tralized estimation of the load parameters and twist. These
parameters are estimated based only on local measurements
of the kinematics at the contact points. Other approaches to
cooperative manipulation involve a leader-follower strategy
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Fig. 1. Two fixed-base robot arms picking up an object

[10], where one of the manipulators is selected to control the
main objective, and the other robot is controlled to maintain
a relative pose with respect to the leader. This approach has
some drawbacks. Should there be a drop in communication
between both robots, the manipulation task will fail. In recent
years, work has also been done with learning of cooperative
motion tasks involving human-robot collaboration [11]. A
gesture recognition system is used to predict the motion of
the human, and generate motion plans for the robot.

Often in robotic manipulation, collision is inevitable, es-
pecially in unstructured environments. Hence, [12] proposed
a method for safe collision reaction to external forces along
the links of a seven degree-of-freedom (7DOF) robot arm.
The method proposed in [12] projects the reaction torques in
the nullspace of the primary task, which in this case, involves
tracking of an end effector trajectory. This method exploits
the redundancy in the task definition.

Internal stress is often avoided or controlled while per-
forming cooperative manipulation. In our paper, we take the
reverse approach of using the internal strength of a manipu-
lated object to an advantage. Here, we present a novel method
of reacting to collisions along the links of a robot arm by
transmitting the disturbance torques through the manipulated
object and thereby sharing the effect of this disturbance with
the other robots in the cooperative manipulation system. One
advantage of this collision reaction strategy over the pro-
posed method in [12] is that in [12], beyond certain thresh-
olds, the task can no longer be preserved. Hence, part of the
primary task, such as orientation control of the end effector
is sacrificed to provide more redundancy to compensate for
the disturbance. However, instead of compromising the task,
our method proposes transferring the external disturbance to
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the rest of the cooperative manipulation system in such a way
that the primary task is not affected. Moreover, our proposed
strategy is expected to work with manipulators with less than
seven degrees-of-freedom by virtue of the extra degrees-of-
freedom provided by multiple manipulators.

Similar work has been done by [13], where external forces
on the object are compensated by modifying the contact
forces. These contact forces lie in the nullspace of the
grasp matrix. However, their approach was not designed to
handle external disturbances on the robot itself. Whereas, our
approach is designed to compensate for collisions along the
links of the robot.

In this paper, we focus on dual-arm systems, with the
theories developed here being extensible to multi-arm sys-
tems. We evaluate our proposed load distribution strategy by
simulating two fixed-base 7DOF kuka robot arms in Gazebo.
The two arms are engaged in cooperative manipulation with
the manipulated object rigidly grasped by both end effectors
of the dual-arms.

The rest of the paper will be organized as follows: in
section II, we review the technical background of cooperative
manipulation and briefly discuss the estimation of external
torques that has been proposed in [14], [15]. In section III,
we present our formulation for collision reaction through
internal stress loading. Section IV gives an overview of our
setup in simulation while section V shows the result of our
experiment in simulation. In section VI, we review some of
the key ideas discussed in the previous sections. Finally, we
conclude in section VII and discuss possible future research
directions.

II. PRELIMINARIES
A. Manipulator Dynamic Model

The mathematical model of a single arm with N joints is
given by

M(q)q̈ + C(q, q̇)q̇ + g(q) = τ (1)

where M ∈ <N×N is the symmetric and positive-definite
inertia matrix, C ∈ <N×N is the coriolis/centripetal matrix,
g ∈ <N is the gravity vector, q ∈ <N represents the joint
positions and τ ∈ <N is the applied joint torques [16].
In the presence of external disturbances, (1) is modified to
incorporate the external torques

M(q)q̈ + C(q, q̇)q̇ + g(q) = τ + τext := τm (2)

B. External Torque estimation

In this section, we introduce the sensorless collision torque
estimation that has been derived in [14], [15]. This method
uses a momentum observer to estimate the external torques
due to collision along the body of a 7DOF arm. Using
observers, [17] designed a pipeline, from the detection of the
collision, through the isolation of the collision region, to the
estimation of the external torques τext due to the collision.
The output of the observer r(t), known as the residual vector,
gives the estimate of the external torques.

r(t) = KI

[
p(t)−

∫ t

0

(τ + CT (q, q̇)− g(q) + r)ds

]
(3)

where r ∈ <N , with r(0) = 0 and p(t) is the momentum
of the system. KI > 0 is an appropriately chosen observer
gain matrix which is diagonal. From (3), the dynamics of r
can be defined as

ṙ = −KI(r + τext) (4)

The details of the derivation of (3) and (4) can be found
in [12], [17]. This method for estimating the external joint
torques is quite attractive as it only requires proprioceptive
sensors. Moreover, this approach circumvents the need to
derive the jacobian at the collision point, which in certain
cases may not be a simple point contact.

C. Cooperative Manipulation

The forces acting on a grasped object by two manipulators
are combinations of the motion inducing wrenches, internal
wrenches and possibly, external disturbances. As expected,
the motion inducing forces on the manipulated object cause
the movement of the object along a given trajectory. A point
of interest on the object, which is often the object’s center
of Mass (COM), is selected as the point to track the desired
trajectory.

In a cooperative manipulative task involving K manipu-
lators grasping a rigid object, with the assumption of a rigid
grasp by the end effectors, the relationship between the end
effector wrenches F d and the desired wrench F d

o experienced
at the COM of the object is given by:

F d
o = GF d (5)

where F d
o = (fd

T

o ,mdT

o )T ∈ <6 is the target wrench [18]
that needs to be applied to the object’s COM to track the de-
sired trajectory xdo, ẋ

d
o, ẍ

d
o. F d = (F dT

1 , ..., F dT

i , ..., F dT

K )T ∈
<6K is the vector of end effector wrenches, with F d

i =

(fd
T

i ,mdT

i )T and fdi ,m
d
i ∈ <3 for i ∈ 1, ...,K. f and m

represent the end effector force and end effector moment,
respectively. G ∈ <6×6K is the grasp matrix defined by the
contact points li ∈ <3 of each end effector and the manipu-
lated object [18]. The grasp matrix G can be computed as:

G =

[
I3 03 ... I3 03 ... I3 03

S(l1) I3 ... S(li) I3 ... S(lK) I3

]
(6)

where S(∗) is a skew-symmetric matrix [18]. It is important
to note that this grasp matrix is applied in the object frame.
Given the desired wrench of the object F d

o , to calculate the
required wrench at the grasp locations, (5) is inverted to
obtain the generalized inverse G+ of the grasp matrix G.
This leads to the inverted equation

F d = G+F d
o (7)

The key question of cooperative manipulation is solving (7)
such that (5) is satisfied. Since G is not a square matrix, the
solution to (7) is not unique. Hence a redundancy resolution
scheme is employed through optimization of one or more
criteria. In the following section, we introduce a resolution
that uses a collision reaction strategy to determine the load
distribution. Although it is not exactly a resolution, since
there is not a unique solution that generates internal stress
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on the object. However, our compensation strategy chooses
from a subset of the solution set of (7), with the condition
that the subset only contains solutions that induce no motion
on the object. Hence, the sum of the collision forces and the
compensation term, defined in the next section, equals zero.
Therefore, any motion that would have been induced by the
collision is cancelled.

III. COLLISION REACTION VIA INTERNAL
STRESS LOADING

In this section, we discuss the proposed internal stress
loading strategy to compensate for the collision torques
received along the links of the robot.

A. Multi-arm Cooperative Manipulation Model

We begin by discussing the dynamics of the object being
manipulated. When describing the dynamics of a rigid object,
we select a point of interest on the object. The point of
interest is typically chosen as the center of mass of the object.
Therefore, the operational space dynamics is given by [19]

Mo(xo)ẍo + Co(xo, ẋo)ẋo + go = Fo (8)

where Mo is the inertia mass matrix of the object, Co is the
coriolis matrix and go the gravity vector.

For K manipulators in contact with a grasped object, the
following equation describes the relationship between the
joint torques and the forces at the end effector of the i-th
manipulator [19].

Mi(qi)q̈i + Ci(qi, q̇i)q̇i + gi(qi) = τi + JT
i Fi (9)

where Ji ∈ <6×N is the manipulator jacobian, Fi ∈ <6 is
the end effector wrench and τi ∈ <N are the joint torques,
of the i-th manipulator. With collision on the links of the
i-th manipulator, (9) can be modified to yield

Mi(qi)q̈i + Ci(qi, q̇i)q̇i + gi(qi) = τi + JT
i Fi + τexti (10)

where τexti = JT
i F

ext
i is the estimated torque due to the

collision on the links of the i-th manipulator. This torque can
be estimated using the method discussed in section II-B. F ext

i

is the resulting wrench at the i-th manipulator end effector
due to the collision induced joint torques τexti . Expanding
equation (10) further, we obtain

Mi(qi)q̈i+Ci(qi, q̇i)q̇i+gi(qi) = τi+J
T
i Fi+J

T
i F

ext
i . (11)

B. Internal Stress Loading

The mathematical derivation here focuses on the case
where the cooperative system is comprised of two manip-
ulators (i.e. K = 2).

Equation (7) does not have a unique solution. Hence we
take advantage of the infinitely many solutions by selecting
the appropriate end effector wrenches that compensate for the
external torque on either arm without affecting the performed
task at the object’s COM. The reaction forces, if not causing
motion, will generate internal stress on the object. Thus, for
this formulation to work, the following assumptions need to
hold:

1) Internal force loading of the object is permissible (i.e
the load can withstand squeezing/bending forces).

2) The manipulated object is rigidly grasped by both end
effectors.

3) Both arms share information about the estimated col-
lision torques on either arm.

For the purpose of brevity with notation, we define the arm
involved in collision as arm-1, while the arm not involved
in any collision, as arm-2. Our proposed method selects the
appropriate end effector wrench for arm-2 to counter the
effect of the external disturbance caused by the collision on
arm-1.

When a collision occurs on arm-1, a wrench (fext1 ,mext
1 )T

expressed in the object frame, results at the end effector of
arm-1. We can compensate for the torque component of this
disturbance by simply setting

mc
2 = −mext

1 (12)

where, mc
2 ∈ <3 is the compensation torque that needs to

be applied by arm-2. However, to compensate for the force
fext1 , special care must be taken. The compensating force
from arm-2 is given by

f c2 = −fext1 (13)

where, f c2 ∈ <3 is the compensation force to be generated
by arm-2. However, we still need to compensate for an
additional effect of fext1 on the manipulation system, which
is an induced torque about the COM [18]. Hence, we cannot
compensate for the force component of the disturbance by
simply negating the force fext1 alone. The induced torque
due to fext1 can be calculated as

mind
1 = S(l1)f

ext
1 (14)

where l1 ∈ <3 is the distance between the arm-1 and the
object’s COM [18]. We should also not forget to take into
account the torque induced due to the compensation force
f c2 in (13). This induced torque can be calculated similarly
to (14)

mind
2 = S(l2)f

c
2 := −S(l2)fext1 (15)

Therefore, a total torque compensation strategy is given
by

mc
2 = −(mext

1 +mind
1 +mind

2 ) (16)

This proceedure works exactly the same way, if the collision
is on arm-2 instead of arm-1, as defined here. Similarly,
in a situation where both arms experience collision, the
compensation would be performed by both arms. This could
result in more or less stress on the object, depending on the
direction of the resulting end effector wrenches due to the
collisions.

C. Control Derivation

In this section we discuss the control structure used to
drive the cooperative manipulation system. Adopting the
idea of the Computed-Torque method [20], we can derive
the control law for the manipulated object, as well as, the
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(a) (b)

Fig. 2. (a), External force applied on the left arm, in the +z direction without internal loading compensation. (b), External force applied on the left arm,
in the +z direction with internal loading compensation

robots performing the manipulation. We begin by modifying
equation (7) to incorporate the compensation term N .

F d = G+F d
o + αN (17)

where N ∈ <12 is a vector of compensation wrenches for
both end effectors.

N =


f c1
mc

1

f c2
mc

2

 (18)

α ∈ [0, 1] is the tuning factor that defines how much
compensation is performed. For example, if α = 0, no
compensation is performed. Whereas, making α = 1 would
yield a full compensation. There are many reasons why
this tuning factor might be useful. A joint limitation on the
compensating arm, in this case arm-2, would mean that the
required compensation torques cannot be generated by arm-
2. This means that although arm-2 does not have the capacity
to generate the joint torques needed to fully compensate for
the disturbance, it can still perform partial compensation.
Hence, we can use the tuning factor to control how much
compensation joint torques is demanded from arm-2.

The tuning factor also provides a smooth way to transition
into the framework of load distribution, as α can be replaced
with a diagonal matrix that selects how much compensation
should be performed by each manipulator. Lastly, the as-
sumption made in this section alluding that internal load
stressing of the object is permissible, is not always true.
Therefore, the tuning factor can act as a switch to turn off
(α = 0) and on (α ∈ (0, 1]) the compensation scheme.
In most cases, the object might be able to withstand some
internal stress, but not the total internal stress required to
fully compensate for the external disturbance. For example,
a glass tray that is transported by two manipulators might
break when internal stress is applied, but a plastic tray
would withstand the same level of internal stress without
being significantly deformed. Therefore, the tuning factor
can be used as a constraint variable to regulate the amount

of internal stress acting on the object. Hence, if we knew
the stress limit on the object, we could reduce the impact of
the external disturbance on the desired trajectory, while not
exceeding the stress limit of the object.

F d
o =Moẍ

r
o + Co + go (19)

where,

ẍro = ẍdo −Kv(ẋo − ẋdo)−Kp(xo − xdo) (20)

with the assumption that the desired trajectory xdo, ẋ
d
o, ẍ

d
o is

given. Substituting (19) into (17), we obtain the control law

F d = G+ (Moẍ
r
o + Co + go) + αN (21)

F d ∈ <12, where F d = (F dT

1 , F dT

2 )T . F d
1 is passed on to

the low-level controller for arm-1 and F d
2 is passed on to the

low-level controller for arm-2. Each low-level controller then
uses the force-based control scheme [16], [21] in the joint
space to calculate the joint torques required to obtain the
corresponding end effector wrench. The desired trajectories
of the robot require low frequency accelerations. Therefore,
the resulting control law is shown in equation (22)

τi = JTF d
i + C(q, q̇) + g(q) (22)

where τi ∈ <N represents the joint torques for the i-th
manipulator and i = 1, 2.

The manipulators described in this work have seven
degrees-of-freedom, each. By definition of the task, these
manipulators are redundant. Therefore, it is important to note
that equation (22) is incomplete for redundant manipulators
[22]. According to [22], there is a nullspace associated
with the inverse of the Jacobian transpose and joint torques
projected into this nullspace do not affect the forces at the
end effector. Thus, we have focused on the operational space
where the nullspace projection is irrelevant. However, in
future work, we will leverage the property of this nullspace
projection to optimize for certain performance objectives,
such as, joint torque minimization.
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IV. SIMULATION

To evaluate the performance of our compensation ap-
proach, we simulated the cooperative system in Gazebo
[23]. Two Kuka 7DOF manipulators and a rectangular rod
with dimensions 0.8m × 0.04m × 0.04m were simulated
as shown in Figure 3. The robots are controlled at the
joint level by a low-level controller. A high-level controller
computes the desired wrench required to track a given COM
trajectory via a computed-torque control method. The high-
level controller also uses the pseudoinverse of the grasp
matrix to compute the appropriate end effector wrenches to
attain the desired COM wrench. External disturbance com-
pensation is also handled by the high-level controller, as the
low-level controller informs the high-level controller of the
measured external joint torques/end effector wrench. Some
manipulators already provide external torque measurements
(e.g. kuka iiwa7), and in many cases, force-torque sensors
are installed on the wrist of the arms to measure end effector
forces and torques. Hence, in our experiment, we assume the
external forces on the end effectors have been provided.

We also obtain the position of the object’s COM from
Gazebo’s physics engine. However, we acknowledge that im-
plementing this outside of simulation will require a different
source for the COM value. In such scenario, especially where
the shape of the object is not trivial, we propose using a
vision-based system to estimate the COM of the object.

Our experiment was designed as a set-point trajectory
tracking problem. Both end effectors, fitted with a robotiq-
85 gripper, pick up the rod, whose COM is initially located
at [0, 0.7, 0] and orientation relative to the world is [0, 0, 0],
as shown in Figure 3. The end effectors grasp the object at
similar positions, but at different ends of the COM along the
x-axis: −0.25 and 0.25, as shown in Figure 3. A goal point
for the COM is set to xdo = [0, 0.4, 0.3, 0, 0, 0] and the final
position of the object is shown to be accurately placed at
this location, as shown in Figure 2b.

V. RESULTS

A force of 25N was applied on the left arm in the
+z direction i.e. F ext

1 = [0, 0, 25, 0, 0, 0]. In Figure 2a, a
significant deviation in the pose of the rod is observed.
There is an error in the y-orientation of the COM when
no compensation is performed. However, when we introduce
our compensation scheme, the system is able to maintain the
object’s COM at the desired set-point, as seen in Figure 2b.
The plots shown in Figure 3 demonstrate the performance of
the compensation strategy we have proposed in this paper.

The plots show that with our compensation scheme, the
pose error is significantly reduced as opposed to the case
where there is no compensation. More evident is the differ-
ence in the error in the z-position and y-orientation. It is clear
that the external force of 25N in the z - direction induced
a torque about the y-axis, causing the object to tilt about
this axis. However, our compensation scheme was able to
counter the effect of such torque, ensuring that the main task
of maintaining the COM at the desired pose, xdo, is achieved.

Fig. 3. Plot of objects COM pose error (in meters/radians) against time
(in seconds) when a force of 25N is applied in the +z direction on arm-1,
at about the 35 second mark and removed at about the 90 second mark.

VI. DISCUSSION

In this section, we review some of the points that we
have discussed and how they can be viewed from multiple
perspectives. Our framework can be adopted to K > 2
manipulators, and fits nicely into other frameworks on load
distribution. For instance, instead of just one manipulator
compensating for all the external torques on the robot, mul-
tiple manipulators could share the burden of compensation.
Future work will explore methods to determine the value
of the tuning factor α, including a constrained optimization
approach. The tuning factor could also be derived via an
impedance model to control the internal forces that are
applied on the object [24].

The authors understand that in the real world, model
uncertainty would affect the performance of this cooperative
scheme. Moreover, the presence of internal forces, both on
the object and on the robots, impels the need to address
this model uncertainty. Without directly estimating the model
uncertainty, an impedance control approach could be used
to regulate the forces of interaction, thereby minimizing the
effects of modeling errors [25]. In addition, the manipulators
could be retrofitted with force-torque sensors. This will
provide force-feedback to compensate for errors in the end
effector force/wrench estimates [26].

Another important point to consider is that the nullspace
of the grasp matrix can be used to generate end effector
wrenches that cause internal stress on the load [1], [27].
However, for purpose of our approach, we did not use the
nullspace projection to generate internal loading.

In simulation we were able to use a plugin known as
Grasp-Fix plugin. This plugin allows us to simulate a rigid
grasp between the grippers and the object. However, again we
acknowledge that outside simulation environments, ensuring
rigid grasps become significantly difficult, and extra steps
need to be taken to ensure that the formulation presented in
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this paper still holds.

VII. CONCLUSIONS

In this paper, we have discussed how using an internal
loading strategy could mitigate the impact of external dis-
turbances along the links of one of the arms involved in the
manipulation of a grasped object. Possible future directions
will introduce more arms to the system. We hope to further
expand this compensation to a more robust framework em-
bedded in load distribution allocation for multi-arm systems.
There is also the possibility of adding a mobile base to
each of the arms, thereby increasing the workspace and
redundancy of the system. Lastly we consider exploring the
idea of human-in-the-loop, where one of the arms is replaced
with a human to perform cooperative manipulation tasks.
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